A RESTRICTION PROBLEM FOR MOD-p REPRESENTATIONS OF SL.(F)

ARPAN DAS

ABSTRACT. Let p be a prime and F a non-archimedean local field of residue characteristic p. In this paper, we
study the restriction of smooth irreducible f‘p—representations of SLa(F) to its Borel subgroup. In essence, we
show that the action of SLa(F) on its irreducibles is controlled by the action of the Borel subgroup. The results
of this paper constitute the SLa-analogue of a work of Paskunas[18].

1. INTRODUCTION

1.1. Background. Let p be a prime number and F a non-archimedean local field of residue characteristic
p. We also fix an algebraically closed field Fp of characteristic p. The subject of mod p representations of
p-adic groups began with the seminal work of Barthel and Livne [4] in 1994. A key classification result they
proved constitutes subdividing the smooth irreducible F,-representations (with central character) of GLa(F) into
four classes. These are called characters, principal series, Steinberg representations (a.k.a. special series), and
supersingular representations. Although the first three types of representation are studied well beyond GLg, the
last type, i.e. supersingulars, are rather mysterious. But when F = Q,,, Breuil[7] gave a complete classification
of the supersingulars of GL2(Q,) with explicit models for these representations. A similar classification of
supersingulars for SLy(Q,) was also obtained in [1] and [10].

In 2007, Paskunas proved the following theorem which showed that in a certain sense the action of GLy(F) on
its mod p irreducible representations is controlled by the action of its Borel subgroup B. An interesting feature of
this result of Paskunas is that although it is a significant non-trivial result about the mysterious supersingulars,
the proof does not use anything other than the very definition of supersingulars and some natural technical
results about the way the supersingulars are parameterized.

Theorem 1.1 (Theorem 1.1 in [18]). Let m and 7' be smooth representations of GLa(F) over F,, and B denote
the Borel subgroup of upper triangular matrices in GLa(F). Suppose 7 is irreducible with a central character.
Then the following hold :

(1) If m is a principal series representation then w|g is of length 2; otherwise m|g is irreducible.
(2) If m # St, the Steinberg representation, then Homp(m,7') = Homgr, (7, 7'); otherwise we have
Homp (St, ') = HomGLZ(F)(IndgLZ(F) (1),#").
When F = Q, and 7’ is irreducible as well, Berger [5] proved the above theorem using the arithmetic of
(¢, I')-modules, and also the explicit models for the supersingulars of GL2(Q,) (see [7]). The restriction of mod

p representations to Borel subgroup plays a crucial role in the work of Colmez [11] on p-adic representations of
GL2(Qp). The theorem of Paskunas generalized Berger’s result by using only representation-theoretic methods.

1.2. Our results. In the present paper, we consider the SLo-analogue of Theorem 1.1. In particular, our main
result for non-supersingular representations is the following theorem.

Theorem 1.2 (Theorem 5.8). Let Gs := SLa(F), and Bs its Borel subgroup. Let n be a smooth F,-character
of Bg. Given a smooth F,-representation m of Gg, the restriction map induces an isomorphism between the
following spaces of intertwiners :

Homgg (Indg: (n), ™) = Hompg (Vy, 7[Bg )-
Here, V,, is the kernel of the map Ind(B;: (n) — n that evaluates every function at the identity matriz.

Then, as a consequence of the above result, we prove the following theorem, which is similar to part (2) of
Theorem 1.1.

Theorem 1.3 (Corollary 5.9, Corollary 5.10). Let w be a smooth representation of Gg over Fp. Ifn#1isa
smooth Fy,-character of Bg, then

Homg, (Indg;2 (n), 7') = Homg, (IndgS (1), 7');
Otherwise we have the following isomorphism
Homp, (Sts|pg, 7) = Homg, (Indg: (1),7),
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¢!
IndBS’ (1)

where Stg := is the mod p Steinberg representation. The latter isomorphism cannot be improved by

replacing IndCB;SS (1) with Sts.

We let Koy and K; denote the maximal compact subgroups of SLy(F). Then, our main result for the
supersingular representations of SLa(F) is the following.

Theorem 1.4 (Theorem 6.10, Theorem 6.11). Let K € {Ko, K1}, let m be a K-supersingular representation, and
7' a smooth representation of Gg over F,,. Then, we have :

(1) w|gg is an irreducible Bg-representation.
(2) The restriction map gives an isomorphism : Homg, (7, 7') = Homg, (7, 7’).

A small subtlety must be pointed out here. We have stated our main result by breaking it into two parts, for
non-supersingulars and supersingulars. This is because Theorem 1.1 implicitly assumes that smooth irreducibles
of GLy(F) (admitting central characters) are classified into four types; however, such a classification for SLy(F)
is available only with the condition of admissibility (see Théoréme 0.6 in [1]).

We mention that in our initial attempt to prove the result for supersingulars of SLy(F), we considered only
admissible supersingulars. Such a result would have been slightly less valuable owing to some recent results
on the existence of smooth irreducible non-admissible F,-representations (for example [16] and [12]). It was
suggested to the author by Peng Xu that this admissibility condition can be removed by proving an analogue of
Proposition 32 of [4]. The author thanks Peng Xu for this suggestion; in fact, the methods we have used to prove
the following Proposition are very close to the recent work of Xu [19] on the related rank 1 quasi-split semisimple
group U(2,1). It was pointed out in the introduction of Xu’s paper [19] that other than U(2,1), the only other
example for which an analogue of this theorem is known is GL2(F) (more precisely, smooth irreducibles of GLy(F)
having central characters; see Proposition 32 of [4]). We have therefore proved the following result which may be
of independent interest (see Question 8 in [3]), providing a third example SLy for which Hecke eigenvalues exist:

Proposition 1.5 (Proposition 4.14). Let o be a smooth irreducible Fp—representation of Ky, and let ™ be a
smooth irreducible F,-representation of Gs. If ¢ € Homg, (ind% (0),m) is non-zero, the EndFP[GS](indIC(’(S) (0))-
right-submodule of Homgq (ind% (o), ) generated by @ is of finite dimension.

Finally, we mention that there is some consensus that the restriction theorem of Paskunas may be true for
other semisimple p-adic groups of rank 1. This was announced as a forthcoming joint work by Abdellatif and
Hauseux [2]. However, they have considered only admissible supersingular representations. In the present paper,
we focus on the split semisimple rank 1 group SLo(F), since we are able make use of several finer structural
results (for example Propositions 4.9, 4.10, and 4.11) to push the main result beyond admissible representations.
The analogues of some of these crucial results (for example Proposition 4.11) may not be true for general classes
of p-adic groups (see Theorem 5.1 in [19]).

1.3. Organization of the paper. Our paper is organised as follows : In Section 2, we set up the notations,
and state some standard facts about smooth representations of locally profinite groups. In Section 3, we recall
the main theorem of Carter-Lusztig theory specialized to SLo(F,). In Section 4, we first recall some standard
results about the structure of the spherical Hecke algebra. Then we prove certain structural results related to
the action of Iwahori Hecke algebras on the isotypic components of the compact inductions of weights. Using
these structural results, we then prove certain important finite-dimensionality results (Proposition 4.11 and
Proposition 4.14). In Section 5, we prove Theorem 1.2 and Theorem 1.3 for non-supersingulars. Finally, in
Section 6, we prove Theorem 1.4 for supersingulars.

2. GENERALITIES AND NOTATIONS

We recall some standard facts from the theory of mod p representations of locally profinite groups in Section
2.1. For more details, the reader can see Section 2 of [4].

2.1. Compact induction and Hecke algebras. We take p to be a prime throughout, and Fp a fixed algebraic
closure of the finite field F,, with p elements. All representations in this article, unless otherwise mentioned, are
considered over Fp. We recall some general results. Just for this subsection, we let G be any locally profinite
group, and H some closed subgroup. Recall that a representation 7 of G is called smooth if every vector v € 7 is
fixed by some compact open subgroup of G. A representation 7 of G is called admissible if for every compact
open subgroup K of G, the space of invariants 7X is finite dimensional.

Let o be a smooth Fp—representation of H. We consider the following space of functions :

IND§ (0) == {f : G — o | f(hg) = o(h)(f(9)), ¥g € G, h € H}.

Then, G acts on IND§ (o) via (g - f)(¢') := f(¢'g). The smooth part of IND§(c), that is, vectors that have
open stabilizers, is denoted by Indg(a), and this subrepresentation is called the smooth induction of o. The
subrepresentation of Indg (o) consisting of functions f such that the image of its support Supp(f) inside H\G is
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compact (equivalently, finite, whenever H is also open) is denoted by c-Ind$; (o) or ind$ (), and is called the
compact induction of o.

In practice, whenever we use compact induction the subgroup H is typically considered to be open as well.
So, for the remaining part of this subsection we take H to be an open subgroup of G. Then, by virtue of the
H-linearity, the support of any f € indg(cr) can be written as a finite disjoint union of right H-cosets. We define
some standard functions in ind§ (o). For g € G and v € ¢ we define :

_ Jolag)v) ifweHg!
9, v](2) _{0 otherwise

It can be checked that g - [¢',v] = [g¢,v] and [gh,v] = [g,0(h)(v)] for every g,¢' € G and h € H. Also, any
f € ind§ (o) can be written as

F= Y gt il

HgeSupp(f)

We define Hg (G, H, o) to be the F,-algebra of functions ® : G — Endg (o) which satisfy the following
conditions:
(1) ®(hgh') = o(h) o ®(g) o o(h’) for all h,h' € H and g € G.
(2) For each v € o, the map g — ®(g)(v) : G — o is locally constant with the image of its support in H\G
being compact.
We equip Hg (G, H, o) with the convolution product : (®1%®2)(g) :=3_, 1 (2)Po(x~tg), where x varies over a
system of representatives of G/H in G. We can check that this sum is independent of the choice of representatives,
and that the sum is finite when evaluated on some vector in o.
On the other hand, we have the Fy-algebra Hg (G, H, o) := Endg (g (ind$ () of G-intertwiners. Then, the
map

n:Hg (G, H,0) = Hg (G, H, o),
given by :

n(@)(Nlg) = Y @) fa"g),

z€G/H

for ® € HF,,(Gv H,o0), f € indg (o), and g € G, is an isomorphism of algebras with inverse given by :

' (T)(g)(v) = T([1,9])(9),

for T € HFP(G,H,U), gEeG,veoao.

In the present article we will be dealing with the situation when ¢ is finite dimensional. For this we make
some observations. At first, note that in this case Hp (G, H, o) consists of functions ® : G — Endg (o) which
are locally constant with the image of the support in H\G compact, and satisfying the condition (1) above. Also,
the support of ® can be written as a finite disjoint union of double cosets in H\G/H. If To € Hp (G,H,0)
denotes the endomorphism associated to ® by the above isomorphism 7, then it is easy to check that

To(lg,v]) = Y [y, @y ()],

yHeG/H

for any standard function [g,v] € indg (o). Finally, when @ is supported only on one double coset, say HgoH,
we can write HgoH as a finite union of right H-cosets because of the support condition on ®. So, we can write
Hgng =", ki961H7 and replacing yH by k:,»gng we have:
(2.1) To(lg,v]) = lgkigy ", (go)o(k; o]

i=1

Finally, we mention the Frobenius reciprocity for compact induction : Let G be a locally profinite group, and
H an open subgroup G. Let 7 be a smooth representation of G, and ¢ a smooth representation of H. Then, the
map

¥ [w — (1, w]) : Homg(ind$ (o), 1) — Homy (o, 7|g)

is an isomorphism of vector spaces. The inverse is given by

e [f = > w97 N)e(f(9))] : Homu(o, 7ls) — Homg(indg (o), 7).
geH\G

The proofs of all the facts mentioned in this subsection are fairly routine and can be found in [4].
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2.2. Notations. Let F be a non-archimedean local field of residual characteristic p, with Op its ring of integers,
pr its maximal ideal, wr a fixed uniformizer, and kr := Op/pr the residue field of cardinality say ¢ = p™.
Borrowing the notations of [1], we set Gg := SLa(F). The corresponding standard maximal compact subgroups
are Ko := SLo(Op), and K; := (1 0 ) Ko <1 0_1> Let Is denote the Iwahori subgroup, and Is(1) the
0 wp 0 wp

pro-p-Iwahori subgroup of Gg. We have

Ox Or 1+prp Or
Is=(_F NKo, Is(1) = N Ko.
° (pF 0?) > Is(l) ( pr l4pp)

We denote by Bg the Borel subgroup (of upper triangular matrices) in Gg, and by Tg we denote the diagonal
matrices in Bg. We also denote by Ug(pf) (resp. Ug(p})) the upper unipotent (resp. lower unipotent) matrices
with the top right (resp. bottom left) entry in p}, for n € Z. We set

—1 —1
(R 0 (0 -1 - (0 —wy
Qp = < 0 WF> , Wy ‘= <1 0 > ,ﬂo = QoW = (WF 0 .

Finally, for a tuple A = (Ao, ..., Am—1) € K}, we set

m—1
AN =Y [Mi]wk € Or
i=0
where [ -] : Fx* — Of denotes the multiplicative lift, and we set [0] := 0.

3. CARTER-LUSZTIG THEORY FOR SLo(F,)

For this section we take I' to be SLy(F,), B as the subgroup of upper triangular matrices, U as the subgroup
of upper unipotent matrices, and T as the diagonal matrices in B. In this section we recall the theory of mod
p representations of SLy(F,). We do this using the very elegant theory of Carter and Lusztig which gives a
uniform construction of all mod p irreducibles of finite groups with a split BN-pair. For our purpose we specialize
this theory to the group I' as that is what we need in this paper. We will present the main results without
proof. The interested reader can see the beautiful paper of Carter and Lusztig [9], where the proofs are of fairly
elementary nature.

Given a character y : T — FX

p?
x|lu = 1. Then, we define a function ¢, € Indj(x) such that ¢|gw,u = 0 and ¢(Iy) = 1, where I denotes
the identity matrix. We have that ¢, generates Ind(x) as F,[T]-module. Next, we define an F,[T]-module

endomorphism T, of Ind{;(1) = {f : U\I' = F,} by
Tuo(H)(Ug) =" > f(Ug) for f € Indy(1).

Ug’CUw; 'Ug

we can consider it to be a character, denoted again by x, of B by setting

Then, T, restricts to a map T, : Indg(x) — Indy(x™°). Also Indg(x)V is of dimension 2, and generated by
the functions ¢, and T, @ywo. Note that T, : Indg(x*°) — Indg(x). So, T2, : Indg (x) — Indg(x) for any
character y of B. It can be shown (see Proposition 3.15 of [9]) that

1 A _
(31) Two‘Px = Z <0 1> Wo b Pxwo-

AEF,

1
We also have : T2 = 0 X7 . Next, for a character x of B, we set
0 _Tw()? X = 1
0 X #1
Jo(X) = ’ .
{1}7 x=1
Then, for each subset J C Jo(x), we define an intertwiner ©, : Indf(x) — Indf (x™0) as follows :
o1 = T - I=0
o Id + Ty,, J=1{1}.

We set f;l = @;LO - Now we can state the main theorem of Carter-Lusztig theory.

Theorem 3.1 (Corollary 6.5, Theorem 7.1, Corollary 7.2, and Theorem 7.4 in [9]). For each pair (x,J C Jo(x)),
the only U—invariant vectors in O, (Indg(x)) are scalar multiples of fi. The module O3, (Indg(x)) is an

irreducible submodule of Indg(xw") generated by f;(], and the subgroup B acts on the line Fp-fi via the character x.
For distinct pairs (x, J) the corresponding modules O, (Indg(x)) are non-isomorphic. The modules o, (Indg(x))
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for 3 C Jo(x) are the only irreducible submodules of Indf(x™°). Buvery irreducible F,[T']-module is isomorphic to
o, (Ind5(x)) for some pair (x,J).

Remark 3.2. (1) Note that if & is a mod p irreducible representation of SLy(Op), then every vector in o is fixed
by Ko(1) := <1 :FpF 1 f-FPF> N Ko, as Ko(1) is a pro-p-group and normal in Ky. Hence, we can consider o to
be a representation of Kq/Ko(1) >~ SLy(kr)(via the mod p reduction map). Therefore, mod p irreducibles of Kg
and SLo(F,) are essentially same, and they are called Serre weights or simply weights of SLa(F,) or SLa(OF).
0

). Hence, we can think of
0 wg

The irreducibles of K; are then the conjugate representations o, where o = (

the generating vectors f;l as vectors fixed by Ig(1) on which Ig acts by the character x ored,. Also, note that f;(]
is an eigenvector of the operator T,,,.

(2) The traditional way in which mod p irreducibles of SLy(F,) are realized is by using the symmetric
powers. Let r € {0,...,q¢ — 1}. We write r = 79 +rip + -+ + r,_1p"" !, and denote (rg,...,7,_1) by 7.

_ T _ . .
Let 0, := Sym"F, = @ F,X"""Y" denote the representation of SLy(F,) on which the action of a matrix
=0
<Z Z) € SLy(F,) is given by

(CCL Z) (XYY = (aX 4 YY) (eX 4 dY)C

Let o7 =0y, ® 0py ® -+~ @ 0y, _,, and on this space we define the action of <(Cz Z) € SLy(F,) by

a b n—1 ) ) n—1 apl bpz ) )
() (@) =8 ([ 5)x)

We write o as Sym™F2 @ (Sym™ F2)™ @ .. ® (Sym"™'F2)™" ", where the notation Fr' indicates that the
action on the i-th component is twisted by the i-th power of the standard Frobenius.

(3) For x # 1 clearly @?UD (Ind(x)) are non-trivial weights of Ko. In fact, one can show that if x is the r-th
power map on F for some 0 <r < ¢ — 1, then writing r =ro + rip+--- + Tn_1p" !, we have

F n — n—1
6?00 (Indg (X)) = Symm Ff, X (Sym” Fg)Fr R ® (Symrn—lFi)Fr )

For x =1, we can show that the irreducible representation 92)0 (Indg(l) is non-trivial. In fact, in this case we
have

@go (Indg (1)) = Symp71F12, ® (Sympfllg‘f,)plr ®---® (Sympflf‘z)Frnfl.
This is proved for the group GL2(F,) in Proposition 3.2.2 of Pasktnas’ book [17]. The corresponding proof for
SLy(F) can be reproduced line-by-line with obvious changes. The representation 6%, (Indj (1)) is the so called
mod p Steinberg representation.

4. HECKE ALGEBRAS AND EIGENVALUES

In this section we recall some familiar structural results about the spherical and Iwahori Hecke algebras, and
prove a certain finiteness result analogous to Proposition 32 of [4].

4.1. Spherical Hecke Algebras. In this article we will typically use the notation o, j or o, (where x is a
character of FX) or o or simply o to denote weights of Ko, whichever best suites the context. Given a weight
oy,7 of Ko, it is of interest to know the structure of the spherical Hecke algebra HFP(GS, Ko, 0y,5). It turns out
that we have

Hf‘p (Gs, Ko, 0y,5) = Fypl7],

for a single Hecke operator 7 € ’HFP(GS, Ko, 0y,1). The action of this operator 7 can be explicitly computed on

the standard function ¢ := [1, f] that generates ind% (0y.3) as follows :
1 A(X _
(1) =% (o M) et
P

whenever o, ; # 1, and
(4.2) T(p) = Z ((1) A(l)\)> agle+ Z (wFi(,u) (1)> o,

whenever o, 7 = 1.
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All the above results can be found in Section 3.2 of [1]. The explicit formula for the action of 7 on ¢ above is
deduced from Corollaire 3.12 of [1], which in turn is derived using the equation (2.1) of Subsection 2.1. At last,
we give the following definition motivated by the action of 7.

Definition 4.1. Let m be a smooth representation of Gg. We define the map
o LAY 1 o
S.—[U»—)Z(O 1 )ao “v) i — T
AERE

4.2. Twahori-Hecke algebras. In this subsection we will recall some general structural results about the
Iwahori-Hecke algebras.
Let 7 be a smooth representation of Gs. We know by Frobenius reciprocity that

Homg, (indIGS?l)(l)7 m) ~ s,

As a result, 7'8()) carries a natural right action of H(Gs,Is(1),1), the pro-p-Iwahori Hecke algebra. We have the
following Proposition.
Proposition 4.2. Let m be a smooth representation of Gs, and v € 7M. Let T, € H(Gs,Is(1),1) be the
operator corresponding to the function ®;, € Hg (Gs,Is(1),1) which is supported on Is(1)gls(1) and such that
®,(g) = 1. Then, we have

v|Ty = Z ig™! .

i€ls(1)/(Is(D)N(g~1s(1)g))
In particular, for g € {wo, wo_lozal}, we have
1 A _ 1 w _
v | Ty = Z (0 [1]) wyt v and v|Tw51a51: Zwo (0 [,u,]l F> agt .
Aekp HEKR

Proof. Using Proposition 6 of [4] (or by the explicit bijection between the convolution and endomorphism
algebras, and Frobenius reciprocity, mentioned in subsection 2.1), we have

FITg= Y ®d)g) " f.
9'€ls(1)\Gs
Since the above sum is supported only on Ig(1)gls(1), we decompose this double coset into Ig(1)gi; ' L --- U
Is(1)gi;'. Note that Ig(1)gi~! = Is(1)gj " if and only if i~'j € g~'Is(1)g, whence we can take iy, ..., i, as
representatives of Is(1)/(Is(1) N (g~ 'Is(1)g)). These reductions allow us to write the above sum as
fITy= > ig™' - f.
i€ls(1)/(Is(1)N(g~s(1)g))
The formulas for g = wo and g = wy 106 1 are obtained by noting that the Iwahori decomposition Is(1) =
Us(Or) x Ts(1 + pr) x Us(pr) gives the following isomorphisms :
Is(1)/(Is(1) N (wg 'Is(1)wo)) =~ Us(Or)/Us(pp) and Is(1)/(Is(1) N (aowols(1wy 'ag)) = Us(pr)/Us(pf).
O

A similar result can be proved for Iwahori-Hecke algebras as well.

Proposition 4.3. Let 7 be a smooth representation of Gg, and suppose x is a smooth character of Is. Let g € Gg
be an element normalizing Ts. Let v € ns:X) (the subspace of elements on which Ig acts by x, i.e. the (Is, x)-
isotypic component), and T, € H(Gsg,Is, x) be the operator corresponding to the function ®, € HFP(GS,IS,X)
which is supported on Isgls and such that ®4(g) = 1. Then, we have

v| Ty = Z ig™t .
i€Is(1)/(Is(1)N(g~1s(1)g))
In particular, for g € {wo, wo_lozgl}, we have
1 [A _ 1 |p|w _
vaf’:Z(() [1])w01~v and v|Tw0_1%—1:ZwO<O []1 F)aol-v.
Aekp HEkR

Proof. Here, we only point out some further reductions. At first, note that ®, is supported on Iggls = IsgIs(1).
Now, using Proposition 6 of [4] (or by the explicit bijection between the convolution and endomorphism algebras,
and Frobenius reciprocity, mentioned in subsection 2.1), we have

FITy= Y @d)g) " f= D Deld)g) "1

g'€ls\Gs g'€ls(1)\Gs
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Here, the second equality follows from the fact that ®,(tg')(tg’) ™! - f = ®4(g")(¢')~ - f for all t € Ts(OF).
Therefore, the above sum is supported on Ig(1)gls(1). The remaining proof is same as that of the pro-p-Iwahori
Hecke algebra case. 0

Definition 4.4. We define the following maps :
S =~ Z ((1) [/1\}>w01-v}:7r—>7r
A€k
and
Sy i=[v— Z wo ((1) [#]?F)aolm]:ﬂ—wr.
nekp

We write down the following Lemma whose proof is now clear.

Lemma 4.5. Let 7 be a smooth representation of Gg. If v € 75 | then Siv, Sov € 75W) | and hence we have
Sv = (81 08)(v) € s,
4.3. Action of H(Gs,Is, x) on (indgﬁ (0))IsX), At first, we recall some basic results about the (Ig, x)-isotypic

component of ind% (0). Let o be a weight of Ko, and f,, € (indgi (0))'s() denote the function, supported on
Koag "Ig(1) (note that Gg = UpezKoog "Is(1); see Proposition 3.32 in [1]), which is defined as follows :

wy Ve, n>0
Vors nSO‘

falog™) = {

Here, v, € 0'8(1) is the unique vector that generates o (see Carter-Lusztig theory i.e. Theorem 3.1). We recall
the following.
oy . . — B . . Gg Is(l)
Proposition 4.6. (1) The family of functions (fn |n € Z) forms an Fy-basis of (indg® (o)) .
(2) The Iwahori subgroup Is acts on f, as follows :

. o Xa(i)fnv n <0
1 fn_{xgo(l)fn, n>07

where 1 € Ig, and x, denotes the character by which Ig acts on f‘p Vg
Proof. See Proposition 3.33 of [1]. O

Now, let x be a character of Is. Then x|y(1) = 1 as Is(1) is pro-p. We can therefore consider x as a character
of Is/Ig(1) ~ ky . Consider the isotypic component (ind% (0))ds%); let f be a non-zero function in this subspace.
Then, f is fixed by Ig(1). So, we write f = > A, fn, where \,,’s are zero for all but finitely many n’s. The fact
that Ig acts on f by x implies, for every i € Ig, we have

Z/\nX(i)fn = X(Z)f =i-f= Z )‘n(i : fn) = Z /\an(i)fm

where, by Proposition 4.6, x, () = x,(7) if n <0 or x(¢) = x¥° () if n > 0. Since A, is non-zero for some n, and
1 € Is was arbitrary, we have x = x, or x = x°. We have shown the following.

Proposition 4.7. The isotypic component (indgi (0))Is:X) is non-zero if and only if x = Xo or x = X°.
As an immediate consequence of the above computation, we also obtain the following.

Proposition 4.8. (1) If xo = x¥°, then (indgi (0))Isxo) = (indgs (o)W = (f,|n € Z).
(2) If xo # X¥°, then (indgi (0))Isxe) = (f,|n < 0), and (ind%i’ (J))(IS’X:’UO) = (fn|n > 0).

Next, we compute the right action of H(Gg,Is, x) on (indgi (0))Is:X). For the isotypic component to be
non-zero we take x € {xo, x¥°}.
At first, we consider the situation when x = x, = x%°.

Proposition 4.9. Let x, = x°, so that (indgi (0))Isxe) = (f, |n € Z). Consider the operators Ty, Two—lagl €
H(Gs,Is, xo). Then, we have the following :
(1) Letn >0, then
Jf-n | Twy =a—pnf-n and f_, | nglagl = fnt1-
(2) Letn > 1, then
fo| Tw, = fon and fn|Tw0_1%_1 =by - fn.

Where a,,’s and by, ’s are scalars.
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Proof. We use Proposition 4.2. First we compute the functions f,, | Ty, for n > 1. Then, z € Supp(fy | Tw,)
zuwy ' € Koag "Ig(1) for some u € Us(OF). So, the support of f,, | Ty, is contained in Kooy "Ig(1)woUs(Or) =
Koa{Is(1). Hence, we compute

(1 Ta)ed) = 3 fulof (o ) w6 = uleus®) =i fulo™ = v

AEkp
~ o (1A n - this
where the second equality follows from the fact that ag 0 1 )wo € Koagls(1) for A # 0; this is easy to prove
by elementary row and column elimination techniques. We conclude that, for n > 1, we have
fn | Two = f*n~

Now, we consider f_,, | Ty, for n > 1. At first, we note that its support is contained in
KoagIs(1)woUs(Or) = KoagUs(Or)woUs(Or) C Koo "Is(1) U KoaglIs(l),
where the containment follows by computing the normal form of a matrix of the form
(ca;" 0 ) (1 x) (0 —1>
0 wp/\0O 1/\1 O

depending of the valuation of = being 1 or > 1. So, we compute

Pl Tueg™) = 3 fonloq (5 ) s =Z(éwﬁ3%*hma

AekF Aekp

B . 1 o_

—§%<mw1 ;w Vs
F €kpr

Hence, for n > 1, the function f_,, | Ty, is supported on KoaIs(1), so we have
ffn | ng = a,nf,n.
Finally, for n = 0 it is clear that fo| T, is supported on Ky, and so

fO | T’wo = aOfO-
Next, we consider the functions f_, [T, -1,-1 for n > 0. Here also, x € Supp(f_, |T -1,-1) = =z €
0 0 0 0

KoafIs(Dwy oy Us(pr) = Koo "™ 15(1). Therefore, we compute

(f—n | Tw(]*laal) n+1) Z f— n+1) ([,u]l (1)> anO) = f—n(aanwo) = wo * Vg,

wF
HEKF

1
wWF
easy to prove using elementary row and column eliminations to reduce the matrix to its normal form. Hence, for
n > 0, we have

where the second equality follows from : ~(nt1) ([N] (1)> aowo € Kooy ("FD14(1) for p # 0; this again is

f_n | Twn—lao—l - fn+1.
Finally, we consider the function f, | Twalaal for n > 1. Note that its support is contained in
Koaa”Is(l)wo_la(les(pp) C K()Ozg_lls(l) UKoag "Is(1).

The above containment can be proved by noting that Kooy "Is(1)wy 'ag 'Us(pr) = Koo Us(pr)ag ' Us(pr),
and computing the normal form of a matrix of the form

wp” 0 1 z\ [(wF 0
0 wpJ\0 1) 0 wp!

for x € pr depending on the valuation of = being 1 or > 1. So, we compute

| Turagaf ) = 5 505 () a0 = 3 (s ) - fulagun)

HELF HELF
| % . 10
= Z 2n—1 wO'fn(ao ):_Z ( 2n—1 )"UO':_Z/UO':O'
ke ([N]WF 1 e [N]WF 1 ke

Hence, we conclude that (f, | nglagl)(ag_l) is supported on Kooy "Is(1), and therefore, for n > 1, we have

Sal Tyt = bafo

where b,,’s are scalars. This completes the proof of the Proposition. O
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Next, we consider the situation where x, # x&°. We consider the operators Tq, ., T -1, of H(Gs,Is, Xs),

ay s Xo
and the operators Ty, \wo, T -1 w0 of H(Gs,Is, x5°).
o xe

@0,X5
Proposition 4.10. Let x, # x¥°. Then :
(1) Forn >0, we have f_n|T =0 and f_,| Tamxg = f—(nt1)-
(2) Forn > 1, we have f, | Tao Xwo =0 and f, | T o = = frns1-
Proof. Recall that by Proposition 4.3, for f € (indﬁﬁ (0))(IS’X) and T, € H(Gg,Ig, x), we have
1Ty = > ig™t- f.
i€ls(1)/(Is(1)N(g~ s (1)g))

Now, taking g € {ag, ag 1} and observing that the Iwahori decomposition gives

Is(1)/(Is(1) N (ag Is(D)an)) =~ Us(Or)/Us(pi) and  Is(1)/(Is(1) N (aols(1)ag ™)) =~ Us(pr)/Us(pk),

we obtain
FToy = 3 ((1) A(1>\)> apt-f and f[Toi= Y (wFi(u) ?) ag - f.

AERE ek
At first, we consider the first statement. We compute the support of f_, [T -1 \,; note that the support is
0 Xo

contained in KoaflIs(1)ag ' Us(pr).
When n = 0, this is contained in the double coset Koag 'Is(1), hence

fol Tagl,xd 0,

since by Proposition 4.8, the function fo | T -1 +, is contained in (fn |m < 0) which is supported on Uy>oKoakIs(1).
0 Xe >
When n > 1, we have

KoafIs(1)ag  Us(pr) € Koal Is(1) UKoag "Is(1) UKeag " 1s(1).

This containment follows by observing that for a € O the matrix

wp" 0 1 a\ (wr 0 _ wF_"‘H awp" " 1
0 wp/\0 1J\0 w') U 0 wp !

o Y ag its normal form when a € Oy, and ay ™ as its normal form when a € pg \ p3. If a € p%, then the

has «
normal form is agfl. So, we only need to compute

n—1y __ a1 1 0 an) = 1 0 . al) = VU, =
(f—n|Tagl,Xc,)(0‘0 )*Zf—"( 0 (wFA(u) 1) ) H%;% (w%n_lA(M) 1) fonlof) H%;% =0

Now, the support of f_,, | Tay.y, is contained in KoagIs(1)agUs(Or) = Koaf ' 1s(1). So, we compute

(fon| Tagno g™ = > fonlag™ (1 A(l )> agh) = fonlaf) = vo,

A€k

O(SH_I 1 A()\) 040_1 _ w;" w;(n-‘rQ)A()\) ,
0 1 0 Wy

) when A(N) € OF, and ao( ") when A(N) € pr \ p3, and that in turn implies

since, for A # (0,0) we have

whose normal form is o (nt+2
that for A # (0,0) we have

agtt ((1) A(l)\)> apl € Koag(nﬂ)ls(l) u Koaa("ﬁ)ls(l).
This completes the proof of the first part.

We now turn to the second part. For n > 1 we first compute the support of f, | T, o which is contained

in Koag "Is(1)aUs(Or) C Koaa(nfl)ls(l) UKopagIs(1) U Koa(’}*lls(l). However, f,|T,, ,vo is contained in
(fn|m > 1) by Proposition 4.8, and hence supported on Uk>1K0aakIs(1). So, we compute

—(n— Z - 1 A(A
(fn | Tao,xzf ) ( 1) fn ’VL+1 (O ) E fn Oéo E wo Vg = 0.
AEkZ AekE AekE

Hence, we conclude, for n > 1, we have
fn | Tyq 2o = 0.
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Finally, we compute f,|T -1 N At first, note that its support is contained in Koag™Is(1)ag *Us(pr) =
0 X

Koag " VIg(1), hence we compute

Bl T )05 ™) = 3 1o ™ (L a1 @0) = Inlog™) =1

nEkE
the second equality follows from the fact that for p # (0,0) we have
—(n+1) 1 0 n n+1
Qg (wFA(,u) 1) Qg € Koaols(l) U Koao Is(l),

which in turn follows by computing the normal form of the above matrix when valuation of A(u) is 0 or 1.
Therefore, we have

fn ‘ Tagl,xf,”ﬂ = fn+1
for n > 1. This completes the proof of the second part, and the Proposition. (I

4.4. Finiteness results. We now prove two results which are analogous to Proposition 18 and 32 of [4]. The
proof of the following codimensionality result is almost similar to that of Corollary 3.3 in [19].

Proposition 4.11. Let x € {xo, x2%°}. Then, any non-zero H(Gsg, Is, x)-submodule of (indg(sl (0))IsX) has finite
codimension.

Proof. Let M be a non-zero H(Gs, Is, x)-submodule of (indg(s) (0))IsX) and take a non-zero f € M.
At first, we consider the situation where x, # x&°. Let x = x,. We write

f=Y cfu

0<k<m

for some 0 < m, and some ¢ € Fp with 0 < k < m. We further assume c,, # 0. We show that the subspace M’
spanned by M and the set of functions { fo, f—1,..., f—m} is the whole space (ind% (0))IsX), This clearly means
M is of finite codimension. Therefore, it suffices to show that f_ € M’ for every k > m + 1. Now, applying the
operator Ty, . to f we have, by Proposition 4.10, that

f/ = f | Tao,xa = Z Ckf—(k+1) €M,
0<k<m

and hence f_(,,11) € M'. Applying Ty, ., repeatedly we obtain f_j € M’ for all k > m 4 1 as required.
Next, we let x = x¥°. We write
F=Y" el

1<k<m

as before with some m > 1 and some ¢, € F, for 1 < k < m. Assume ¢, # 0. Here, by applying the operator
T ot ywos We can show similarly that the subspace M’ spanned by M and {f1,..., fm} is (ind%(o))as’”.
We now turn to the situation where x = x, = x&°. We write

= Z S
n<k<m

for some n,m € Z and ¢; € Fp for n < k < m. We assume c,¢,, # 0, and that n,m > 0. We show that the
subspace M’ spanned by M and {f_p,41,..., fm} is (indgs (0))IsX) = indgi‘ (o)s(). Therefore, we need to show
that f € M’ for k > m +1 and k < —m. We consider f':= f|T,, € M. By Proposition 4.9, we have

Fr=f1Tw= Y cfr
n<k<m
Since ¢, # 0, we have f_,,, € M'. Again, consider " := f’]| Two—laal € M. By Proposition 4.10, we have
fr=F1T g = = > afen
n<k<m

So, we have fp,11 € M'. We again apply T,,, and then T = 51 repeatedly to obtain fr € M’ for k > m + 1 and
k < —m. On the other hand, if both n,m < 0, then we apply wg g to f to obtain

FITysragr = Z crf-kt1 €M

n<k<m

and we are in the previous case.
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Finally, we consider the case when n < 0 and m > 1. Here also, we assume ¢, ¢, # 0. At first, we show
that f| Ty, and f| Two—lao—l cannot both be zero. So, let f | Two_l%_l = (. This implies, by Proposition 4.9, the

following :
> af kit Y, crbefr =0

n<k<0 1<k<m
Now, since ¢, # 0, this implies —n + 1 < m i.e. n > —m. But then applying Proposition 4.9 again, we get

FlTwe= D efor+ Y, ckarfe,
1<k<m n<k<0
which is non-zero as ¢,, # 0. Therefore, by considering any one of the non-zero functions f | Ty, or f | Twalagl we
reduce to the case considered before where the basis functions appearing in the presentation of f are all indexed
by positive integers or all indexed by non-positive integers. This completes the proof of the Proposition. (Il

Remark 4.12. We mention that in Subsection 3.7.3 of [1], Abdellatif constructs a “counterexample” to the above
proposition. However, it was mentioned in Remark 3.2 of Koziol’s recent paper[14] that this "counterexample" is
incorrect. The author would like to thank Peng Xu for pointing out this remark in Koziol’s paper.

Remark 4.13. The above codimentionality result is not true in general. For example, it fails for higher rank
groups like GL3(F); see Theorem 5.1 in [19]. In fact, the Proposition 18 of [4] is sensitive to the fact that the
irreducible representation of GLo(F) under consideration admits central characters. The proof fails to work for
irreducibles of GLy(F) without central characters; the existence of these has been proved recently by Daniel Le
in [15].

We now prove the main Theorem of this section, which is the SL(2)-analogue of Proposition 32 of [4]. The
proof is almost entirely similar to the one in [4], so we just add a few extra lines of details.

Proposition 4.14. Let o be a weight of Ko, and let m be a smooth irreducible representation of Gs. If
» € Homgg (indgi (0),m) is a non-zero intertwiner, then the H(Gs, Ko, 0)-submodule generated by ¢ is of finite
dimension.

Proof. As ¢ is non-zero and = is irreducible, ¢ is surjective. But, it cannot be injective as indgs (o) is not
irreducible (see Théoréme 3.18 in [1]). Therefore, since Is(1) is pro-p, we have ker(p)'s() # 0. Now, given
any non-zero v € ker()'s™) | the Is-subrepresentation F,[Is] - v C ker()'s(") (note that Is(1) is normal in Ig)
is finite dimensional, as it can be considered as a representation of Ig/Ig(1). But Ig/Ig(1) is a finite abelian
group of order coprime to p. So, we can write Fp[Is] -v as a finite sum of characters. We may replace v by one
such non-zero vectors from one of these characters. Hence, we may assume ker(gp)(ISW) # 0. By Proposition
4.7, it is forced that such a x € {xo, x¥°}. By Frobenius reciprocity, this means Homgq (indIC;s (x), ker(p)) #£ 0.
We may also assume that x = x,. This is because if 0 # f € ker(go)(ls’xzuo), then we may write f in the form
> 1<p<n Ckfr, Where ¢y is not zero for some k. Now, using Proposition 4.3, and Proposition 4.9, we have

= f]Ty, = Z ((1) [i\]>w0_1~f Z crf-k

AEkr 1<k<n
is a non-zero function in ker(¢)(s:Xo),
Now, consider the map
¢ :=[T+ ¢oT]: Homg, (indgS (Xo), indgs (o)) — Homgg (indgS (Xo), 7).
Clearly, ¢*(Homg (indIC;S (xs), ker(p))) = 0. Since, by Proposition 4.11, Homgg (indgS (Xo), ker(p)) =~ ker(ip)(Is:Xo)
is a non-zero submodule of Homg (indIC;S (Xo), ind%j (0)) ~ (indgﬁ (0))Is:Xe) it is of finite codimension. Noting
that clearly ¢* is also a H(Gs,Is, X»)-module homomorphism, we conclude that the image of ¢* is a finite
dimensional submodule of Homgg (indiS (xo), ™). Also, we consider the map

" := [T = ¢ o T] : Homg, (indi% (o), indg® (o)) — Homgy (indis (o), 7).

Let 69 € Homg, (indi0 (Xo),0) be the intertwiner corresponding (by Frobenius reciprocity) to the intertwiner
in Homyg (x,, o) that carries 1+ v,. Since, dg is non-zero and o is an irreducible Kg representation, we conclude
that Jy is surjective. Applying the functor ind%(—) to dp we get 0 € Homg, (indgS (Xo), ind%(a)). This 4 is
also a surjection as indgi(—) is an exact functor (see, for example, Exercise 1 in subsection 2.5 of [8]). Now, ¢
induces the following maps :

0" :=[T— To/d]: Homg, (ind% (0),7) = Homgg (indIGSS (Xo), ™),

and
A" := [T ~ T o 6] : Homg (indg® (o), inds (o)) — Home, (ind(™® (xo ), indi (o).
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But, as ¢ is surjective, both §* and A* are injective. And, clearly from the definitions of the maps ¢*, ®*, §*,
and A*, the following square is commutative :

Homg, (indIG(ﬁ (a),ind% (0)) LN Homg,g (indgj (o), )

A*l la*

Homg, (ideGSS (Xo), ind%j (0)) —2— Homg, (ind;}sS (Xo), )

Therefore, we conclude that the image ®*(Endgq (indgﬁ (0))) of @*, which is the submodule generated by ¢, is
finite dimensional. This completes the proof. |

5. THE CASE OF NON-SUPERSINGULAR REPRESENTATIONS

At first, we recall the theory of mod p principal series representations of Gg. We start with a smooth Fp
character 1 of Bg. As the abelianization of Bg is the torus Tg = F*, we can consider this 1 as a smooth character
of Tg or F*. We then have a short exact sequence of Bg representations :

00—V, %Indg:(n) —n —0,

where the map Ind(B;SS (n) — n is evaluation at the identity matrix, and V,, is the kernel of this map. We mention
the following standard facts :
(1) V, is an irreducible representation of Bg.
(2) The above short exact sequence splits if and only if 7 = 1, the trivial character.
(3) Ind(B;SS (n) is an irreducible representation of Gg if and only if 1 # 1. In this case, these representations
are called principal series of Gg.

(4) The Gg representation Ind(B;SS(l) is indecomposable and of length 2, with the trivial representation 1 as
Indgg(n
1
we have a non-split exact sequence 0 — 1 — Indg’sS (1) = Sts — 0 of Gg representations.

5) As Gs = Bgls(1) LU BgBpls(1) (see Lemme 1.7 in [1]), the pro-p-Iwahori invariants IndSs 7)) has
Bs

its only subrepresentation and the Steinberg representation Stg :=

as the only quotient. Hence

dimension 2 over F,,. It is generated by the functions ¢ ,, supported on Bglg(1) and taking value 1 at
I, and 45 ,,, supported on Bgfyls(1) and taking value 1 at S.

The proofs of all these facts can be found in Section 3.4 of [1].

Lemma 5.1. Let w be a smooth representation of Gs, and va be a line which is Bg-stable. Then Gg, and
hence Bg, acts trivially on this line. Hence, for n # 1 we have Hompg(n, 7) = 0.

Proof. By smoothness we have some positive integer m such that I_Js(pg””) fixes v. Consider any arbitrary
lower unipotent matrix u(z) € Ug for some z € F. There is some k € Z such that y := xw%’“ € pr'. Then
u(z) = alga(y)aak fixes v. The upper and lower unipotent matrices generate Gs, and the upper unipotents

being the derived subgroup of Bg act trivially on va. Therefore, we have that Gg acts trivially on Fpv. O

We have the following immediate corollary, which also follows from the fact that the abelianization of SLo(k)
for any infinite field & is trivial.

Corollary 5.2. The trivial character is the only smooth Fp—character of Gs.

Corollary 5.3. Given a smooth representation m of Gg, the restriction map induces an isomorphism between
the following spaces :
Homg, (1, 7) = Homp (1, 7|Bg)-

Proof. The existence of a non-zero intertwiner in Homg, (1, 7|g.) is equivalent to the existence of a Bg-stable
line in 7. Therefore, the lemma applies and we can extend such an intertwiner trivially to a Gg-intertwiner. [

Corollary 5.4. Let m be a smooth representation of Gg. Suppose n # 1, and ¢ € Hompg (Indgg (n),m) be
non-zero. Then ¢ is an injection.

Proof. The proof is same as that of Corollary 5.2 in [18]. We will reproduce it to make the article self-contained.
So let 0 # ¢ € Hompg (Indg: (n),m), and suppose kerp # 0. We claim at first that kerp = V,,. Otherwise, since
IndgsS (n) as a Bg-representation has length 2, we must have IndCB;SS (n) = kerp @ V,,. This implies kerp = 7 as
Bg-representations. But this is not possible because Hompg (7, Ind(B;’SS (7)) =0asn # 1, by Lemma 5.1. But if
kerp =V, then ¢ induces a map ¢ € Homgpg (7, 7). By Lemma 5.1, ¢ = 0, and hence ¢ = 0, a contradiction.
Hence, keryp = 0. (]
Corollary 5.5. Let n# 1. Then the restriction map induces as isomorphism

Homg (Indg? (n), Indg? (7)) = Homp, (Indg? (), Indg (1))
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Proof. Here also the proof is similar to Corollary 5.3 in [18]. We show that Endp, (Indg: (n)) is a one dimensional
space. For this, let ¢ and 2 be two non-zero intertwiners in Endpg (Ind(B;sS (n)). Then, by the previous Corollary,
their restrictions to V,, gives two non-zero maps in Endgg(V,). Note that Img(¢;) = V), otherwise by the
length 2 condition (as in the proof of the previous Corollary) we will have that V,, has dimension 1, which is
false. But Endgg(V,) is one dimensional as V,, is an irreducible Bg-representation (see Proposition 2.11 in
[6]; the proof works over any algebraically closed field). Hence, ¢1]v, = Apa|v, for some A € FX. But then

©1 — A2 € Endpg (Ind(B;SS (n)) is not an injection, and hence must be identically zero. O

We now prove a useful lemma, analogous to Lemma 5.3 of [20], which is, in essence, a rather elegant application
of Carter-Lusztig theory.

Lemma 5.6. Let m be a smooth representation of Gg, and 0 # v € 750 Suppose Is acts on v by a character.
Then, either Sv =0, or Sv generates a non-trivial weight of Ko = SLa(OF).

Proof. Suppose Sv # 0. We set v/ := Syv so that Sv = S1v'. By our assumption v’ # 0. Now, we recall that
Is = Ts(Op )Is(1), and since Ig(1) is a pro-p-group any character of Ig is trivial on Is(1). Hence, any character
of Ig can be considered as a character of Tg(Oy ). Therefore, if Is acts on v by a character x, and as Ig(1) fixes
v’ by Lemma 4.5, I will act on v’ via the character x*°, and therefore Ig will act on Sv by x.

We now consider the Ko-representation x = F,,[Kq] - v/. By Frobenius reciprocity the Is-intertwiner (1 + v') :
x¥° — 7 corresponds to the Kg-intertwiner indﬁO (x"°) — 7 that takes the generator ¢ wo = [1,1] € indﬁO (x™o)
to v’. So we obtain k as a quotient of indﬁ0 (x*0) = IndFS 0 (x™0); this equality is evident from the fact that Ko is
compact. This intertwiner maps F,[Ko] - (S1¢ywo) onto F,[Ko] - (Sv).

Now, note that any character x of Ts(Op ) = Op can be considered as a character of ki since x|14p, = 1,
and Oy /(1 + pg) = kp. Consider the natural map (f + f := [k +— f(kmodpp)]) : Indg(x*°) — IndﬁO (x™0).
This is a Ko—intertwiner, with K, acting on Indj(x*°) via mod p reduction. This action is obviously smooth
as the level one congruence subgroup fixes everything. And, the irreducible representation Fp [Ko] - (Tuw,y) is
mapped onto F,[Ko] - (S1¢y=0); note the use of equation (3.1). Therefore, by Carter-Lusztig theory (Theorem
3.1, and Remark 3.2), the Ko-representation F,[Ko] - (S1¢ywo ), and hence F,[Ko] - (Sv) is a non-trivial weight of
Ky. This completes the proof of the lemma. O

Remark 5.7. The above lemma is the analogue of Lemma 4.1 of [18]. However, in case of SLa(F) we have to deal
with the possibility of Sov = 0 (which obviously implies Sv = 0). This situation does not arise in case of GLy(F).
This additional technical condition makes the proof of one of our main results, Theorem 6.11, considerably more
technical than its GLg counterpart, which is Theorem 4.4 of [18]. This situation also arises in [20].

The main theorem of this section is the following.

Theorem 5.8. Given a smooth representation m of Gg, and a smooth character n of Bs, the restriction map
induces an isomorphism between the following spaces of intertwiners :

Homg, (Ind(B;SS (n), ™) = Homgg (Vy, m|Bg)-

Proof. We show at first that the restriction map is injective. So, let ¢ € Homg, (Indg: (n), ™) vanishes on V.

. IndgS (n)
Then it factors through —*
n

= 7 as a Bg-intertwiner. So if  # 1, by the Lemma 5.1 we have ¢ = 0. We
therefore assume 7 = 1; now, if ¢ # 0, we get a non-zero Bg-intertwiner in Homp (1, 7|4 ), which by Corollary
5.3 lifts trivially to a Gg intertwiner in Homg, (1, 7). Hence, the image of ¢ is a line in 7 on which Gg acts
trivially. Consequently, we have 1 as a quotient of Indg:(l), which is false.

Recall that the space (IndCB;SS (7)™ is two dimensional, generated by the functions ly , and {5 ,,, supported
on Bglg(1) and Bgwolg(1) respectively. Also it can be shown easily that Ig acts on ¢;, by the character
Ny = 77|TS(OFX), and on {5, by the character n_ := (77|TS(OFX))“’0 (see Lemme 2.10 in [1]). Now, by Lemma 4.5,

we know that S¢s ,, is a linear combination of ¢; ,, and ¢ ,. It is easy to see that S¢s ,(Iz) = 0. Next, we check
that :

Staafn) = 3 aalin (5 *0) a5 = ntew)

AekE
since for A(A) # 0 we have

wo ((1) A(A)FEQ) = (A(A)(; - A(A_)zlz;2> (A(A)l—lwg ?) € BsIs(1).

In other words we have Sts,, = n(ag)fs,,. Therefore, by Lemma 5.6, we have that F,[Ko] - £2,,, = F,[Ko] - (Sla,;)
is a non-trivial weight of Kj.

|
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We now show that the restriction map is surjective. So let ¢ € Homp, (V,, m) be non-zero. The map /o, is

supported on Bgfyls(1) and hence it lies in V,,. Therefore, as V,, is irreducible, ¢ ,, generates it as an F,, [Bs]-
module, and hence 9 (l2,) # 0. Now, 9)(l2,) is fixed by Bg N1Ig(1). Also, ¥(Sla,) = St(lay) = n(ao)(la,y),
that is

(5.1) @/}(52771) = 77(040)7151/’(62,77)

Now by smoothness the vector 1 (¢s,,) is fixed by Ug(pZ¥*!) for some large k. We show that Usg(p2~!) fixes
1 (€a2,,) by showing that it fixes S1)(f2,,). For this, at first we verify the following claim.

Claim. Ug(p2F=1) fixes Sot)(fa ).

Proof of the Claim. Take some b € p%k_l. Then we have :

R S Y e

nEkr
_ 1 [uewr(1 = [pweb) ™" (1= [pweb) ™ 0 1 0y -
- %; wo (o 1 ) ( 0 (1- [u]wa)> (b(l — [p]opb) 1 1) ap ¥ (lzs)
n€ky
=3 w <(1) [Wwr (1 —1[u]wpb)—1) g P(lay) = > wo ((1) [/‘]le> <(1) *T%> ag " (la)
nekr nekr
=3 g ((1) W{”F) 05 " U(ba) = Spt(Eay).
nekp
|
Now, if b € p%’“l then we have
10 0
(b 1) SY(lay) = (11) 1) S1(S2tp(l2,))
-1
- Z <2 (1)> ((1) [i\]> w(;1821/}(€2m) = Z (é Al +1[)\]b) )wolszw(ﬁg,n)
AEkR AEkR
=2 (é WT’“) w ' Sa(L)
AEkRr
-y ((1) [i\]) gt S wp ((1) [/«L}wFl%-bA) o lb(la.)
AEkR pnekr
A _ 2\ _
= (B S (5 Y (37T catutean) - 50 S0 = St
AEkR nEkp
Here *w2 denotes an element of p%, and in the fourth equality above b, is a element of p%’“l C pr. We

apply the above several times to deduce finally that Ug(pg) fixes S¢(La,y), and hence 9 (fs,,). By applying the
Iwahori decomposition Is(1) = Us(Or) x Ts(1 + pr) x Us(pr), we have that 1(fs ) is fixed by Is(1). Now, as
Is = Ts(Op )Is(1) acts on £y, by 7_, therefore Is acts on ¢(¢2,) by 1 as well. By appealing to Lemma 5.6
and Carter-Lusztig theory (Theorem 3.1 and Remark 3.2), we have F,[Ko] - £2,, = F,[Ko] - (¥(f2,)), as weights
of Ky, since the weights are uniquely determined by the character given via the action of Ig. Also by Lemma 5.6,
these weights are non-trivial.

Set o := Fp[Ko] - (¢(¢2,,)) C m; then, by Frobenius reciprocity F,[Gs] - (¢)(f2,,)) is a quotient of ind% (o),
and by equation (5.1) it is therefore a quotient of

indgi (o)
(o = () - 1d)(indg5 (0))
where the above isomorphism of Gg-representations is by Théoréme 3.18 of [1]. Hence, F,[Gs] - (¢)(£2,)) is
isomorphic to Indg’: (n) if n # 1, or F,[Gsg] - (¥(£2,5)) is isomorphic to Vi when 7 = 1. In both cases, up to scalar

multiples, there is only one intertwiner by Corollary 5.5; we consider the one whose restriction to V,, coincides
with 1. This proves that the restriction map is surjective. O

= Indg;3 (n),

The proof of the following corollary is similar to that of Corollary 5.5 in [18].

Corollary 5.9. Let n # 1 and let ™ be a smooth representation of Gs. Then we have
Homg, (Indgs (n), ) = Hompg (IndgsS (n),m).
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Proof. Clearly, the restriction map is an injection as Indgg (n) is an irreducible Gg-representation. Now, let
0 # ¢ € Homp, (Ind(B?'SS (n), 7). Then by Corollary 5.4, the following composition of Bg-intertwiners is zero :

IndgsS n) »m— m Hence, the image of ¢ is contained in F,[Gs] - (¢(V,)). This means we can

consider 9|y, to be a non-zero element of the space of Bs-intertwiners Hompg (V,, F,[Gs]- (¥(V,))). By Theorem
5.8, we have that F,[Gg] - (¥(V,)) is a quotient of Indg: (n), and as Ind(B;SS (n) is an irreducible Gg-representation,

it is in fact isomorphic to F,[Gs] - (¢(V,,)). Hence, by Corollary 5.5, ¢ is Gg-linear as well. O

Finally, we note the following corollary which is immediate from Theorem 5.8, by noting that Stg|p, = V1 as
Bg-representations. The later follows from the facts stated in the beginning of this Section.

Corollary 5.10. Let m be a smooth representation of Gs. Then, we have Homgg (Ind(B;'SS (1), ) = Homp, (Sts, 7).

Remark 5.11. Letting 7 = Indgss(l)7 we can see that the above result cannot be improved if we replace Indg’:(l)
with Stg.

6. THE CASE OF SUPERSINGULAR REPRESENTATIONS

6.1. Definition of supersingular representations. Recall that in Subsection 4.1 we mentioned the fact that

the spherical Hecke algebra H(Gg, Ko, o) = F,[7] for an operator 7 whose action on the standard functions

) 1 "
was given by an explicit formula. We set 7, := i 1 s . We still have H(Gg, Ko, 0) = Fp[r,]. In a
T , o=1
similar manner we can show that the spherical Hecke algebra with respect to the other maximal compact
subgroup Kj, denoted_?-[(Gs, Kj,0%) is generated as a polynomial algebra in one variable. More precisely, we
have H(Gs, K1,0%) = Fp[rla], where the operator 7. is the analogue of 7,. Here, we use the notation « for the
matrix diag(1,wr) € GL2(F), and 0 denotes the twist of o by the inner automorphism given by . We now

give the following definition.

Definition 6.1. (1) A smooth irreducible F,[Gs]-module 7 is said to be supersingular with respect to Ko or
indgg (o)

7o (indgS ()

(2) A smooth irreducible F,,[GS]—module 7 is said to be supersingular with respect to Ky or simply K;-

indi? (%)

. G .
T;a (de? (o))

simply Ko-supersingular if it is a quotient of the Fp [Gs]-module

supersingular if it is a quotient of the F,[Gg]-module

We have following result which is proved in Proposition 3.20 of [1].
indig (o)

(o =A1d)(indy S ()

Proposition 6.2. If 7 is supersingular with respect to K, and a quotient of the Fp [Gs]-module
then A = 0.
We also note the following result which follows from using Proposition 3.23 of [1], with the definition above.

Proposition 6.3. Let m be a smooth irreducible f‘p—representation of Gs. Then, 7 is Kg-supersingular if and
only if m® is Ky -supersingular.

6.2. Some key Lemmas.

Lemma 6.4. Let m be a Kq-supersingular representation of Gg, and o a weight of Kqg. Suppose ¢ be a non-zero
Gg—intertwiner from ind% (o) to w. Then, for large enough k > 1, we have @ o 7F = 0.

Proof. By Proposition 4.14, the right H := H(Gg, Ko, 0)-submodule ¢ o H generated by ¢ is finite dimensional.
So, if we take the image 7,(:= n — no7, : poH — poH) of 7, in Endg (¢ o H), then for the minimal
polynomial m(X) of 7, we have ¢ o m(7,) = 0.
Now, suppose m(X) is the polynomial with minimal degree such that ¢ o m(7,) = 0. Let A be any root of
m(X) in Fp, and let m(X) = (X — \)m/(X). Then ¢’ := @ om’(7,) : indf(’(s) (o) — 7, which induces a surjection
indﬁ(s’ (o)

(rrx-id)(indﬁg (o))

—» 7. By Proposition 6.2, we must have A = 0. Hence, m(X) = X* for some k > 1. (I

Remark 6.5. The proof of the above lemma would have been simpler if 7 was also admissible (meaning 7¥ is finite
dimensional for every compact open subgroup K of Gg). In such case, it suffices to show that the vector space
Homgq (indgi (o), m) = Homg, (0, 7) is finite dimensional. For this, one simply shows that Homyg(q) (o, 7) is finite
dimensional. This can be proved by induction on the dimensions of finite dimensional smooth representations of
Is(1). To see this, at first we note that o has a unique line fixed by Ig(1), so we have the short exact sequence

0— 118(1) — 0 — U/]-Is(l) —0
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of Ig(1)-representations. Applying, the Homygq)(—,7) functor we get
0— HomIS(l)(U/]-IS(l), 7T) — Homls(l) (0’, ’]T) — Homls(l)(lls(l), ’/T) ot 7713(1)'

Since 7's(1) is finite dimensional by admissibility, and Homypg(1)(0/114(1), 7) is finite dimensional by induction
hypothesis, we have that Hom;g(1)(co,7), and hence Homg, (o, 7) is finite dimensional as required.

We now prove an immediate corollary of the above Lemma, which is analogous to Corollary 3.3 of [18]. The
proof is inspired by Lemme 2.9 of [13].

Corollary 6.6. Let 7 be a Ko-supersingular representation of Gs, and 0 # v € 75 Then, Stv € 7ls(M) for
every i > 1, and for some large enough k > 1, we have Skv = 0.

Proof. By Lemma 4.5 it is clear that S'v € 7's(Y) for every i > 1.

At first, we assume that Ig acts on v by a character x. If Sv = 0 we are done. So assume Sv # 0. Then,
o :=F,[Ko] - (Sv) is a non-trivial weight of K in 7 by Lemma 5.6. Then by Frobenius reciprocity, we get a
surjection ¢ : ind% (o) — 7 that sends [1,Sv] — Sv. As o is non-trivial the action given by 7, and S is same
(see equation (4.1)), so by Lemma 6.4, we have 0 = ¢ o 7¥([1,Sv]) = S¥*1v for some k > 1.

Now, for the general case note that Ig/Ig(1) is a finite Abelian group of order coprime to p. So by Maschke’s
theorem, for any 0 # v € 7's(1)| the Is-subrepresentation F,[Is] - v C 7's() is finite dimensional, and hence a
sum of characters. So we write v = ) . v; such that Is acts on each v; by some character. Then, by the argument
in the previous paragraph, for each v; we have a k; such that S¥v; = 0. We choose k to be the maximum of all
the k;’s. This completes the proof. (I

The next Lemma is the analogue of Lemma 3.4 in [18], and the proof is essentially identical.

Lemma 6.7. Let 7 be a smooth representation of Gg and let v € 751 such that Sv = 0. Then we have

2 -1

o wpA(N) -1 - .

Wev = g ( 0 =22A(N) v e F,[Bg] - v.
A€k2\{0,0}

Proof. We have
- 1 AN\ 1 1 AN)wg?
v=— Z ao(o l)aov—— Z 0 1F v
A€k2\{0,0} A€k2\{0,0}
Then, it follows that

o= 3 ()6 A

AEK2\{0,0}

-2 (w%AéA)_l wFZ_zim) (w%Alwl (1)>”

AekZ\{0,0}

2 ~1
7 wpA(N) -1 - .
E ( 0 =22 A(N) v € Fp[Bg] - v.
A€k2\{0,0}

The last equality follows from the fact that for A(X\) # 0 we have @2 A(A\)~! € pp, as the valuation of A()) is
either 0 or 1. g

We now prove a sufficient condition under which a smooth irreducible representation of Gg when restricted to
Bg remains irreducible.

Proposition 6.8. Let m be a smooth irreducible representation of Gs, and let 0 # w € m. Then, we have :
7150 1 (F, [Bs] - w) # 0.

Proof. As m is smooth, there exists k& > 0 such that w is fixed by I_Js(p%k+1). Then w' := ao_kw is fixed by

I:Js(pp) = on_kUS(p%kH)a_lg. Now, the Iwahori decomposition can be written as Is(1) = U(Or) x Ts(1 + pr) x
Us(pr) = (Is(1) N Bs) x Us(pr). So, Fy[Is(1)] - w’ = Fp[Is(1) N Bs] - w" has a non-zero vector fixed by Is(1) (a

pro-p group). But obviously F,[Is(1) N Bg] - w’ C F,[Bs] - w, and hence 7'M N (F,[Bs] - w) # 0. O

Proposition 6.9. Let 7 be a smooth irreducible representation of Gs. Suppose that for any 0 # w € 7 there
exists a non-zero v € w's(M) N (F,[Bs] - w) such that Sv =0. Then, m|y is an irreducible Bg-representation.

Proof. By Lemma 6.7 we have wov € F,,[E}S] -v. Since Gg = BgslIs(1) U Bgwolg(1) (see Lemme 1.7 in [1]), and 7
is irreducible, we have m = Fj,[Gg] - v = Fp[Bg] - v C F,[Bg] - w. In conclusion, we have shown that for every

0 # w € m we have m = F,,[Bg] - w, hence 7|, is an irreducible Bs—representation. (]
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6.3. Proof of Theorem 1.4.
Theorem 6.10. Let K € {Ko, K1}, and let w be a K-supersingular representation of Gs. Then |y is irreducible.

Proof. We only prove this for K = Ky, owing to Proposition 6.3. Let 0 # w € 7. By, Proposition 6.8 we can pick a
non-zero vector v € Fp [Bs] - w which is Ig(1)-invariant. Now, let k be the least positive integer such that Skv =0;
we know such a k exists by Corollary 6.6. But by Lemma 4.5, we have 0 # o' := S¥~1v € 7's() N F,[Bg] - w;
here note that the transformation S is defined by an element of Fp [Bs]. Therefore, we can apply Proposition 6.9.

This completes the proof. O

We finally prove one of the main theorem of this paper. This proof is inspired by that of Theorem 5.10 of [20].

Theorem 6.11. Let K € {Ko, K1}, and let m be a K-supersingular representation of Gg. Suppose 7' is a smooth
representation of Gg. Then, Homgg (7, 7') = Hompg (7, ).

Proof. As before, we prove this for K = K because of Proposition 6.3. The restriction map is obviously injective.
We take a non-zero ¢ € Homp, (7, 7). Now, take a non-zero element v € 7's(1). We know, by the argument
used in the proof of Corollary 6.6, that the Ig-representation f‘p [Is] - v C 7151 is a finite sum of characters. So,
by replacing v by some non-zero vector in Fp [Is] - v, on which Ig acts by a character, we may assume further
that Is acts on v € 7'8(1) by a character x. It follows that p(v) # 0, as ¢ is injective by Theorem 6.10. So, by
smoothness of 7/ we have that ¢(v) is fixed by Us(pp™2*) for some k > 1. We will show that there exists a
non-zero vector v; € 715(1) on which I acts by some character and ¢ (v1)(# 0) is fixed by Ug(p2"™1).

At first, we consider the case when Sv # 0. Then, we take v; := Sv € 7'$(!)| by Lemma 4.5. Then, Ig
acts on v; by the same character y, by the same argument in the proof of Lemma 5.6. Then, using the same
computations as in the proof of Theorem 5.8, we have that ¢(v1) = Sp(v) is fixed by Us(p2"~), since p(v) is
fixed by Bg N Is(l).

Next, we consider the case when Sv = 0 and Syv # 0. In this case we take v, := Syv, which lies in 7's(1) by
Lemma 4.5. Then, by our assumption S;w = 0. This means

1 [\ _
> (0 [1]) wy ' Sav =0,
Aekp

or equivalently,

mese=on 2 (o H)ewow== 3 (007 5) (i D)2 (0 V7)o

gk:; <[A1)‘1 [—A]]L) ) <é [u]wF(lHAl]‘l[u}wF)‘l) <(1+[)‘][)\]1£lf]wF) ! (1+[A]91[u]wF)) arlo
- (™ 5D py (3 be P o,

SO EG T )

=2 W E 6 e

o e | G ol (R B

D 6 )R )

() ()T (e

A€k nEkp

Here, note that the 5-th and 7-th equalities follow as v € 751 and the 9-th equality follows from the assumption
that Is acts on v by the character y. Also, w2 denotes an element of pZ. Therefore, we have

o) =— 3 x <[())\] [A]O‘1> ((1) EM) 3 ((1) [u]iﬂp> ol o(v).

X
A€k uEkp
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Now, by the almost similar computation used the proof of the Claim in Theorem 5.8, we see that ¢(v;) is fixed

by Ug (p%k_l), as required. Also, note that Ig acts on v; := Sov by a character.
Finally, consider the case when Syv = 0. Consequently, we have

Z <(1) Mf@) aglv = 0.

Therefore, we get

wov = — ) wo (é [M]?El) (DY (Ud_OlWF [M];F_l) (M‘llm“ (1)> °

) Z (0™ ) Z G R I
S oM A [ I
o o)== 3 x (W2 (6 1) estew,
Now, for b € pEF~!, as in the proof of Theorem 5.8, we have
(2 (j) olw00) = —Zk v ([‘O” [uol]) ((1) “lyle + *w%) (“ tro) 0 wp) o5 (V)
T L) e
] z NI YO PR

Then, for any A € kp, we note that (é [i\]) o(wov) is fixed by Us(p2~1). This follows from the fact that
2k—1

Us(pr) and Ts(1 + pr) fixes p(wov), and from the above computation showing Us(pa ") fixes p(wov). Setting

uy = ((1) [i\]>, we conclude that elements of the set {¢(uywov) |\ € kp} are fixed by Ug(p2F—1).

Now, we consider the situation when Ssv = 0 and erkF uywov # 0. We take vy := ZAE,CF uxwov. Then, vy
can be shown to be Ig(1)-invariant by using Iwahori decomposition and showing that it is fixed by the subgroups
Us(Or), Ts(1 + pr), and Ug(pr). Also, ¢(v;) = Y aekp Purwov) is fixed by Us(p2~!). On the other hand,
when Sev = 0 and ZAekF uywov = 0, we have

D= £ (5 ) 9

4
I
§
g
=

Aekp Aekp
S (0 )2 ) )
()6 )

In conclusion, we have wov, v € Span{uywov | A € k¥ }. Now, the Ko-representation F,[Ko]-v is spanned by the set
{v, urwov | A € kp}; this follows from the fact that by Bruhat decomposition we have Kg = IsUIswylg, and Ig acts
on v by a character and Ig(1) stabilizes Span{uywov | A € kp }. This last fact follows from the same computations
(done multiple times by now), which can be used to show that Us(pr) stabilizes Span{uywov | A € k }. Therefore,
as Fp [Ko] - v is a finite dimensional representation, we can choose a weight o inside it. We take v; € o to
be the unique (up to scalar multiple) vector fixed by Ig(1), on which Ig acts by some character. Hence,
©(v1) € Span{p(urwov) | A € ki )}, and so the arguments of the previous paragraph show that ¢(vq) is fixed by
Ug (p%k_l). Therefore, we have shown that we can always find some non-zero v, € '8! on which Ig acts by

some character, and such that ¢(v;) is fixed by Ug(p2F—1).
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By repeating this process k many times, we eventually find a non-zero v, € 7's(!)| on which Ig acts by some
character, and such that ¢(vy,) is fixed by Us(pr). Since, p(vy) is fixed by Bg N1Ig(1), we conclude that ¢(vy,) is
fixed by Is(1) = (Bs N1s(1)) x Us(pr).

We finish the proof by applying Corollary 6.6 to the vector vi. We obtain some m > 1 such that S™v, =0
and 8™ vy, # 0. Setting v’ := 8™ lvy, we have that v is Is(1)-invariant, and hence ¢(v') = S™ (v is also
Is(1)-invariant. Now, by Lemma 6.7 the condition Sv’ = 0 implies

i S (PO )

A€k2\{0,0}

Therefore, as ¢ is a Bg-intertwiner, we get

@(wov’) _ Z <w12J‘A(§)\)1 wp2i()\>> (p(U/)-

A€k2\{0,0}

But, we also have p(Sv') = Sp(v’) = 0, whence, by Lemma 6.7, we have

wop(v) =~ Y <W%A3A)l w;;/i(A)>“0(”/)'

A€RZ\{0,0}

Now, since Gg = Bglg(1) Ll Bswglg(1), and also Fp[GS] -v" = 7, we deduce that ¢ is a Gg—intertwiner. a
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