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Abstract. Let p be a prime and F a non-archimedean local field of residue characteristic p. In this paper, we
study the restriction of smooth irreducible F̄p-representations of SL2(F) to its Borel subgroup. In essence, we
show that the action of SL2(F) on its irreducibles is controlled by the action of the Borel subgroup. The results
of this paper constitute the SL2-analogue of a work of Paškūnas[18].

1. Introduction

1.1. Background. Let p be a prime number and F a non-archimedean local field of residue characteristic
p. We also fix an algebraically closed field F̄p of characteristic p. The subject of mod p representations of
p-adic groups began with the seminal work of Barthel and Livne [4] in 1994. A key classification result they
proved constitutes subdividing the smooth irreducible F̄p-representations (with central character) of GL2(F) into
four classes. These are called characters, principal series, Steinberg representations (a.k.a. special series), and
supersingular representations. Although the first three types of representation are studied well beyond GL2, the
last type, i.e. supersingulars, are rather mysterious. But when F = Qp, Breuil[7] gave a complete classification
of the supersingulars of GL2(Qp) with explicit models for these representations. A similar classification of
supersingulars for SL2(Qp) was also obtained in [1] and [10].

In 2007, Paškūnas proved the following theorem which showed that in a certain sense the action of GL2(F) on
its mod p irreducible representations is controlled by the action of its Borel subgroup B. An interesting feature of
this result of Paškūnas is that although it is a significant non-trivial result about the mysterious supersingulars,
the proof does not use anything other than the very definition of supersingulars and some natural technical
results about the way the supersingulars are parameterized.
Theorem 1.1 (Theorem 1.1 in [18]). Let π and π′ be smooth representations of GL2(F) over F̄p, and B denote
the Borel subgroup of upper triangular matrices in GL2(F). Suppose π is irreducible with a central character.
Then the following hold :

(1) If π is a principal series representation then π|B is of length 2; otherwise π|B is irreducible.
(2) If π ̸= St, the Steinberg representation, then HomB(π, π′) ∼= HomGL2(F)(π, π′); otherwise we have

HomB(St, π′) ∼= HomGL2(F)(IndGL2(F)
B (1), π′).

When F = Qp and π′ is irreducible as well, Berger [5] proved the above theorem using the arithmetic of
(φ,Γ)-modules, and also the explicit models for the supersingulars of GL2(Qp) (see [7]). The restriction of mod
p representations to Borel subgroup plays a crucial role in the work of Colmez [11] on p-adic representations of
GL2(Qp). The theorem of Paškūnas generalized Berger’s result by using only representation-theoretic methods.

1.2. Our results. In the present paper, we consider the SL2-analogue of Theorem 1.1. In particular, our main
result for non-supersingular representations is the following theorem.
Theorem 1.2 (Theorem 5.8). Let GS := SL2(F), and BS its Borel subgroup. Let η be a smooth F̄p-character
of BS. Given a smooth F̄p-representation π of GS, the restriction map induces an isomorphism between the
following spaces of intertwiners :

HomGS(IndGS
BS

(η), π) ∼= HomBS(Vη, π|BS).

Here, Vη is the kernel of the map IndGS
BS

(η) → η that evaluates every function at the identity matrix.
Then, as a consequence of the above result, we prove the following theorem, which is similar to part (2) of

Theorem 1.1.
Theorem 1.3 (Corollary 5.9, Corollary 5.10). Let π be a smooth representation of GS over F̄p. If η ≠ 1 is a
smooth F̄p-character of BS, then

HomBS(IndGS
BS

(η), π′) ∼= HomGS(IndGS
BS

(η), π′);
Otherwise we have the following isomorphism

HomBS(StS|BS , π) ∼= HomGS(IndGS
BS

(1), π),
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where StS :=
IndGS

BS
(1)

1 is the mod p Steinberg representation. The latter isomorphism cannot be improved by
replacing IndGS

BS
(1) with StS.

We let K0 and K1 denote the maximal compact subgroups of SL2(F). Then, our main result for the
supersingular representations of SL2(F) is the following.

Theorem 1.4 (Theorem 6.10, Theorem 6.11). Let K ∈ {K0,K1}, let π be a K-supersingular representation, and
π′ a smooth representation of GS over F̄p. Then, we have :

(1) π|BS is an irreducible BS-representation.
(2) The restriction map gives an isomorphism : HomGS(π, π′) ∼= HomBS(π, π′).

A small subtlety must be pointed out here. We have stated our main result by breaking it into two parts, for
non-supersingulars and supersingulars. This is because Theorem 1.1 implicitly assumes that smooth irreducibles
of GL2(F) (admitting central characters) are classified into four types; however, such a classification for SL2(F)
is available only with the condition of admissibility (see Théorème 0.6 in [1]).

We mention that in our initial attempt to prove the result for supersingulars of SL2(F), we considered only
admissible supersingulars. Such a result would have been slightly less valuable owing to some recent results
on the existence of smooth irreducible non-admissible F̄p-representations (for example [16] and [12]). It was
suggested to the author by Peng Xu that this admissibility condition can be removed by proving an analogue of
Proposition 32 of [4]. The author thanks Peng Xu for this suggestion; in fact, the methods we have used to prove
the following Proposition are very close to the recent work of Xu [19] on the related rank 1 quasi-split semisimple
group U(2,1). It was pointed out in the introduction of Xu’s paper [19] that other than U(2,1), the only other
example for which an analogue of this theorem is known is GL2(F) (more precisely, smooth irreducibles of GL2(F)
having central characters; see Proposition 32 of [4]). We have therefore proved the following result which may be
of independent interest (see Question 8 in [3]), providing a third example SL2 for which Hecke eigenvalues exist:

Proposition 1.5 (Proposition 4.14). Let σ be a smooth irreducible F̄p-representation of K0, and let π be a
smooth irreducible F̄p-representation of GS. If φ ∈ HomGS(indGS

K0
(σ), π) is non-zero, the EndF̄p[GS](indGS

K0
(σ))-

right-submodule of HomGS(indGS
K0

(σ), π) generated by φ is of finite dimension.

Finally, we mention that there is some consensus that the restriction theorem of Paškūnas may be true for
other semisimple p-adic groups of rank 1. This was announced as a forthcoming joint work by Abdellatif and
Hauseux [2]. However, they have considered only admissible supersingular representations. In the present paper,
we focus on the split semisimple rank 1 group SL2(F), since we are able make use of several finer structural
results (for example Propositions 4.9, 4.10, and 4.11) to push the main result beyond admissible representations.
The analogues of some of these crucial results (for example Proposition 4.11) may not be true for general classes
of p-adic groups (see Theorem 5.1 in [19]).

1.3. Organization of the paper. Our paper is organised as follows : In Section 2, we set up the notations,
and state some standard facts about smooth representations of locally profinite groups. In Section 3, we recall
the main theorem of Carter-Lusztig theory specialized to SL2(Fq). In Section 4, we first recall some standard
results about the structure of the spherical Hecke algebra. Then we prove certain structural results related to
the action of Iwahori Hecke algebras on the isotypic components of the compact inductions of weights. Using
these structural results, we then prove certain important finite-dimensionality results (Proposition 4.11 and
Proposition 4.14). In Section 5, we prove Theorem 1.2 and Theorem 1.3 for non-supersingulars. Finally, in
Section 6, we prove Theorem 1.4 for supersingulars.

2. Generalities and notations

We recall some standard facts from the theory of mod p representations of locally profinite groups in Section
2.1. For more details, the reader can see Section 2 of [4].

2.1. Compact induction and Hecke algebras. We take p to be a prime throughout, and F̄p a fixed algebraic
closure of the finite field Fp with p elements. All representations in this article, unless otherwise mentioned, are
considered over F̄p. We recall some general results. Just for this subsection, we let G be any locally profinite
group, and H some closed subgroup. Recall that a representation π of G is called smooth if every vector v ∈ π is
fixed by some compact open subgroup of G. A representation π of G is called admissible if for every compact
open subgroup K of G, the space of invariants πK is finite dimensional.

Let σ be a smooth F̄p-representation of H. We consider the following space of functions :

INDG
H(σ) := {f : G → σ | f(hg) = σ(h)(f(g)), ∀g ∈ G, h ∈ H}.

Then, G acts on INDG
H(σ) via (g · f)(g′) := f(g′g). The smooth part of INDG

H(σ), that is, vectors that have
open stabilizers, is denoted by IndG

H(σ), and this subrepresentation is called the smooth induction of σ. The
subrepresentation of IndG

H(σ) consisting of functions f such that the image of its support Supp(f) inside H\G is
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compact (equivalently, finite, whenever H is also open) is denoted by c-IndG
H(σ) or indG

H(σ), and is called the
compact induction of σ.

In practice, whenever we use compact induction the subgroup H is typically considered to be open as well.
So, for the remaining part of this subsection we take H to be an open subgroup of G. Then, by virtue of the
H-linearity, the support of any f ∈ indG

H(σ) can be written as a finite disjoint union of right H-cosets. We define
some standard functions in indG

H(σ). For g ∈ G and v ∈ σ we define :

[g, v](x) :=
{
σ(xg)(v) ifx ∈ Hg−1

0 otherwise
.

It can be checked that g · [g′, v] = [gg′, v] and [gh, v] = [g, σ(h)(v)] for every g, g′ ∈ G and h ∈ H. Also, any
f ∈ indG

H(σ) can be written as

f =
∑

Hg∈Supp(f)

[g−1, f(g)].

We define HF̄p
(G,H, σ) to be the F̄p-algebra of functions Φ : G → EndF̄p

(σ) which satisfy the following
conditions:

(1) Φ(hgh′) = σ(h) ◦ Φ(g) ◦ σ(h′) for all h, h′ ∈ H and g ∈ G.
(2) For each v ∈ σ, the map g 7→ Φ(g)(v) : G → σ is locally constant with the image of its support in H\G

being compact.
We equip HF̄p

(G,H, σ) with the convolution product : (Φ1 ⋆Φ2)(g) :=
∑
x Φ1(x)Φ2(x−1g), where x varies over a

system of representatives of G/H in G. We can check that this sum is independent of the choice of representatives,
and that the sum is finite when evaluated on some vector in σ.

On the other hand, we have the F̄p-algebra HF̄p
(G,H, σ) := EndF̄p[G](indG

H(σ)) of G-intertwiners. Then, the
map

η : HF̄p
(G,H, σ) → HF̄p

(G,H, σ),

given by :
η(Φ)(f)(g) :=

∑
x∈G/H

Φ(x)f(x−1g),

for Φ ∈ HF̄p
(G,H, σ), f ∈ indG

H(σ), and g ∈ G, is an isomorphism of algebras with inverse given by :

η−1(T)(g)(v) = T([1, v])(g),

for T ∈ HF̄p
(G,H, σ), g ∈ G, v ∈ σ.

In the present article we will be dealing with the situation when σ is finite dimensional. For this we make
some observations. At first, note that in this case HF̄p

(G,H, σ) consists of functions Φ : G → EndF̄p
(σ) which

are locally constant with the image of the support in H\G compact, and satisfying the condition (1) above. Also,
the support of Φ can be written as a finite disjoint union of double cosets in H\G/H. If TΦ ∈ HF̄p

(G,H, σ)
denotes the endomorphism associated to Φ by the above isomorphism η, then it is easy to check that

TΦ([g, v]) =
∑

yH∈G/H

[gy,Φ(y−1)(v)],

for any standard function [g, v] ∈ indG
H(σ). Finally, when Φ is supported only on one double coset, say Hg0H,

we can write Hg0H as a finite union of right H-cosets because of the support condition on Φ. So, we can write
Hg−1

0 H =
⊔m
i=1 kig

−1
0 H, and replacing yH by kig−1

0 H we have:

(2.1) TΦ([g, v]) =
m∑
i=1

[gkig−1
0 ,Φ(g0)σ(k−1

i )v].

Finally, we mention the Frobenius reciprocity for compact induction : Let G be a locally profinite group, and
H an open subgroup G. Let π be a smooth representation of G, and σ a smooth representation of H. Then, the
map

ψ 7→ [w 7→ ψ([1, w]) : HomG(indG
H(σ), π) → HomH(σ, π|H)

is an isomorphism of vector spaces. The inverse is given by

φ 7→ [f 7→
∑

g∈H\G

π(g−1)φ(f(g))] : HomH(σ, π|H) → HomG(indG
H(σ), π).

The proofs of all the facts mentioned in this subsection are fairly routine and can be found in [4].
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2.2. Notations. Let F be a non-archimedean local field of residual characteristic p, with OF its ring of integers,
pF its maximal ideal, ϖF a fixed uniformizer, and kF := OF/pF the residue field of cardinality say q = pn.
Borrowing the notations of [1], we set GS := SL2(F). The corresponding standard maximal compact subgroups

are K0 := SL2(OF), and K1 :=
(

1 0
0 ϖF

)
K0

(
1 0
0 ϖ−1

F

)
. Let IS denote the Iwahori subgroup, and IS(1) the

pro-p-Iwahori subgroup of GS. We have

IS =
(

O×
F OF

pF O×
F

)
∩ K0, IS(1) =

(
1 + pF OF
pF 1 + pF

)
∩ K0.

We denote by BS the Borel subgroup (of upper triangular matrices) in GS, and by TS we denote the diagonal
matrices in BS. We also denote by US(pnF) (resp. ŪS(pnF)) the upper unipotent (resp. lower unipotent) matrices
with the top right (resp. bottom left) entry in pnF, for n ∈ Z. We set

α0 :=
(
ϖ−1

F 0
0 ϖF

)
, w0 :=

(
0 −1
1 0

)
, β0 := α0w0 =

(
0 −ϖ−1

F
ϖF 0

)
.

Finally, for a tuple λ = (λ0, ..., λm−1) ∈ kmF , we set

A(λ) :=
m−1∑
i=0

[λi]ϖi
F ∈ OF

where [ · ] : F×
q → O×

F denotes the multiplicative lift, and we set [0] := 0.

3. Carter-Lusztig theory for SL2(Fq)

For this section we take Γ to be SL2(Fq), B as the subgroup of upper triangular matrices, U as the subgroup
of upper unipotent matrices, and T as the diagonal matrices in B. In this section we recall the theory of mod
p representations of SL2(Fq). We do this using the very elegant theory of Carter and Lusztig which gives a
uniform construction of all mod p irreducibles of finite groups with a split BN-pair. For our purpose we specialize
this theory to the group Γ as that is what we need in this paper. We will present the main results without
proof. The interested reader can see the beautiful paper of Carter and Lusztig [9], where the proofs are of fairly
elementary nature.

Given a character χ : T → F̄×
p , we can consider it to be a character, denoted again by χ, of B by setting

χ|U = 1. Then, we define a function φχ ∈ IndΓ
B(χ) such that φ|Bw0U = 0 and φ(I2) = 1, where I2 denotes

the identity matrix. We have that φχ generates IndΓ
B(χ) as F̄p[Γ]-module. Next, we define an F̄p[Γ]-module

endomorphism Tw0 of IndΓ
U(1) = {f : U\Γ → F̄p} by

Tw0(f)(Ug) :=
∑

Ug′⊂Uw−1
0 Ug

f(Ug′) for f ∈ IndΓ
U(1).

Then, Tw0 restricts to a map Tw0 : IndΓ
B(χ) → IndΓ

B(χw0). Also IndΓ
B(χ)U is of dimension 2, and generated by

the functions φχ and Tw0φχw0 . Note that Tw0 : IndΓ
B(χw0) → IndΓ

B(χ). So, T2
w0

: IndΓ
B(χ) → IndΓ

B(χ) for any
character χ of B. It can be shown (see Proposition 3.15 of [9]) that

(3.1) Tw0φχ =
∑
λ∈Fq

(
1 λ
0 1

)
w−1

0 · φχw0 .

We also have : T2
w0

=
{

0, χ ̸= 1
−Tw0 , χ = 1

. Next, for a character χ of B, we set

J0(χ) :=
{

∅, χ ̸= 1
{1}, χ = 1

.

Then, for each subset J ⊂ J0(χ), we define an intertwiner ΘJ
w0

: IndΓ
B(χ) → IndΓ

B(χw0) as follows :

ΘJ
w0

:=
{

Tw0 , J = ∅
Id+ Tw0 , J = {1}.

We set fJ
χ = ΘJ

w0
φχ. Now we can state the main theorem of Carter-Lusztig theory.

Theorem 3.1 (Corollary 6.5, Theorem 7.1, Corollary 7.2, and Theorem 7.4 in [9]). For each pair (χ, J ⊂ J0(χ)),
the only U−invariant vectors in ΘJ

w0
(IndΓ

B(χ)) are scalar multiples of fJ
χ. The module ΘJ

w0
(IndΓ

B(χ)) is an
irreducible submodule of IndΓ

B(χw0) generated by fJ
χ, and the subgroup B acts on the line F̄p ·fJ

χ via the character χ.
For distinct pairs (χ, J) the corresponding modules ΘJ

w0
(IndΓ

B(χ)) are non-isomorphic. The modules ΘJ
w0

(IndΓ
B(χ))
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for J ⊂ J0(χ) are the only irreducible submodules of IndΓ
B(χw0). Every irreducible F̄p[Γ]-module is isomorphic to

ΘJ
w0

(IndΓ
B(χ)) for some pair (χ, J).

Remark 3.2. (1) Note that if σ is a mod p irreducible representation of SL2(OF), then every vector in σ is fixed

by K0(1) :=
(

1 + pF pF
pF 1 + pF

)
∩ K0, as K0(1) is a pro-p-group and normal in K0. Hence, we can consider σ to

be a representation of K0/K0(1) ≃ SL2(kF)(via the mod p reduction map). Therefore, mod p irreducibles of K0
and SL2(Fq) are essentially same, and they are called Serre weights or simply weights of SL2(Fq) or SL2(OF).

The irreducibles of K1 are then the conjugate representations σα, where α =
(

1 0
0 ϖF

)
. Hence, we can think of

the generating vectors fJ
χ as vectors fixed by IS(1) on which IS acts by the character χ ◦ redp. Also, note that fJ

χ

is an eigenvector of the operator Tw0 .
(2) The traditional way in which mod p irreducibles of SL2(Fq) are realized is by using the symmetric

powers. Let r ∈ {0, . . . , q − 1}. We write r = r0 + r1p + · · · + rn−1p
n−1, and denote (r0, . . . , rn−1) by r⃗.

Let σrl
:= SymrlF̄2

p =
rl⊕
i=0

F̄pXrl−iYi denote the representation of SL2(Fq) on which the action of a matrix(
a b
c d

)
∈ SL2(Fq) is given by (

a b
c d

)
· (Xrl−iYi) := (aX + cY)rl−i(cX + dY)i.

Let σr⃗ := σr0 ⊗ σr1 ⊗ · · · ⊗ σrn−1 , and on this space we define the action of
(
a b
c d

)
∈ SL2(Fq) by

(
a b
c d

)
·

(
n−1⊗
l=0

Xrl−ilYil

)
:=

n−1⊗
l=0

((
ap

l

bp
l

cp
l

dp
l

)
· Xrl−ilYil

)
We write σr⃗ as Symr0F̄2

p ⊗ (Symr1F̄2
p)Fr ⊗ · · · ⊗ (Symrn−1F̄2

p)Frn−1
, where the notation Fri indicates that the

action on the i-th component is twisted by the i-th power of the standard Frobenius.
(3) For χ ̸= 1 clearly Θ∅

w0
(IndΓ

B(χ)) are non-trivial weights of K0. In fact, one can show that if χ is the r-th
power map on F×

q for some 0 ≤ r ≤ q − 1, then writing r = r0 + r1p+ · · · + rn−1p
n−1, we have

Θ∅
w0

(IndΓ
B(χ)) ∼= Symr0F̄2

p ⊗ (Symr1F̄2
p)Fr ⊗ · · · ⊗ (Symrn−1F̄2

p)Frn−1
.

For χ = 1, we can show that the irreducible representation Θ∅
w0

(IndΓ
B(1) is non-trivial. In fact, in this case we

have
Θ∅
w0

(IndΓ
B(1)) ∼= Symp−1F̄2

p ⊗ (Symp−1F̄2
p)Fr ⊗ · · · ⊗ (Symp−1F̄2

p)Frn−1
.

This is proved for the group GL2(Fq) in Proposition 3.2.2 of Paškūnas’ book [17]. The corresponding proof for
SL2(Fq) can be reproduced line-by-line with obvious changes. The representation Θ∅

w0
(IndΓ

B(1)) is the so called
mod p Steinberg representation.

4. Hecke algebras and eigenvalues

In this section we recall some familiar structural results about the spherical and Iwahori Hecke algebras, and
prove a certain finiteness result analogous to Proposition 32 of [4].

4.1. Spherical Hecke Algebras. In this article we will typically use the notation σχ,J or σχ (where χ is a
character of F×

q ) or σr⃗ or simply σ to denote weights of K0, whichever best suites the context. Given a weight
σχ,J of K0, it is of interest to know the structure of the spherical Hecke algebra HF̄p

(GS,K0, σχ,J). It turns out
that we have

HF̄p
(GS,K0, σχ,J) = F̄p[τ ],

for a single Hecke operator τ ∈ HF̄p
(GS,K0, σχ,J). The action of this operator τ can be explicitly computed on

the standard function φ := [1, fJ
χ] that generates indGS

K0
(σχ,J) as follows :

(4.1) τ(φ) =
∑
λ∈k2

F

(
1 A(λ)
0 1

)
α−1

0 φ,

whenever σχ,J ̸= 1, and

(4.2) τ(φ) =
∑
λ∈k2

F

(
1 A(λ)
0 1

)
α−1

0 φ+
∑
µ∈kF

(
1 0

ϖFA(µ) 1

)
α0φ,

whenever σχ,J = 1.
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All the above results can be found in Section 3.2 of [1]. The explicit formula for the action of τ on φ above is
deduced from Corollaire 3.12 of [1], which in turn is derived using the equation (2.1) of Subsection 2.1. At last,
we give the following definition motivated by the action of τ .

Definition 4.1. Let π be a smooth representation of GS. We define the map

S := [v 7→
∑
λ∈k2

F

(
1 A(λ)
0 1

)
α−1

0 · v] : π → π.

4.2. Iwahori-Hecke algebras. In this subsection we will recall some general structural results about the
Iwahori-Hecke algebras.

Let π be a smooth representation of GS. We know by Frobenius reciprocity that

HomGS(indGS
IS(1)(1), π) ≃ πIS(1).

As a result, πIS(1) carries a natural right action of H(GS, IS(1),1), the pro-p-Iwahori Hecke algebra. We have the
following Proposition.

Proposition 4.2. Let π be a smooth representation of GS, and v ∈ πIS(1). Let Tg ∈ H(GS, IS(1),1) be the
operator corresponding to the function Φg ∈ HF̄p

(GS, IS(1),1) which is supported on IS(1)gIS(1) and such that
Φg(g) = 1. Then, we have

v | Tg =
∑

i∈IS(1)/(IS(1)∩(g−1IS(1)g))

ig−1 · v.

In particular, for g ∈ {w0, w
−1
0 α−1

0 }, we have

v | Tw0 =
∑
λ∈kF

(
1 [λ]
0 1

)
w−1

0 · v and v | Tw−1
0 α−1

0
=
∑
µ∈kF

w0

(
1 [µ]ϖF
0 1

)
α−1

0 · v.

Proof. Using Proposition 6 of [4] (or by the explicit bijection between the convolution and endomorphism
algebras, and Frobenius reciprocity, mentioned in subsection 2.1), we have

f | Tg =
∑

g′∈IS(1)\GS

Φg(g′)(g′)−1 · f.

Since the above sum is supported only on IS(1)gIS(1), we decompose this double coset into IS(1)gi−1
1 ⊔ · · · ⊔

IS(1)gi−1
n . Note that IS(1)gi−1 = IS(1)gj−1 if and only if i−1j ∈ g−1IS(1)g, whence we can take i1, . . . , in as

representatives of IS(1)/(IS(1) ∩ (g−1IS(1)g)). These reductions allow us to write the above sum as

f | Tg =
∑

i∈IS(1)/(IS(1)∩(g−1IS(1)g))

ig−1 · f.

The formulas for g = w0 and g = w−1
0 α−1

0 are obtained by noting that the Iwahori decomposition IS(1) =
US(OF) × TS(1 + pF) × ŪS(pF) gives the following isomorphisms :

IS(1)/(IS(1) ∩ (w−1
0 IS(1)w0)) ≃ US(OF)/US(pF) and IS(1)/(IS(1) ∩ (α0w0IS(1)w−1

0 α−1
0 )) ≃ ŪS(pF)/ŪS(p2

F).
□

A similar result can be proved for Iwahori-Hecke algebras as well.

Proposition 4.3. Let π be a smooth representation of GS, and suppose χ is a smooth character of IS. Let g ∈ GS
be an element normalizing TS. Let v ∈ π(IS,χ) (the subspace of elements on which IS acts by χ, i.e. the (IS, χ)-
isotypic component), and Tg ∈ H(GS, IS, χ) be the operator corresponding to the function Φg ∈ HF̄p

(GS, IS, χ)
which is supported on ISgIS and such that Φg(g) = 1. Then, we have

v | Tg =
∑

i∈IS(1)/(IS(1)∩(g−1IS(1)g))

ig−1 · v.

In particular, for g ∈ {w0, w
−1
0 α−1

0 }, we have

v | Tw0 =
∑
λ∈kF

(
1 [λ]
0 1

)
w−1

0 · v and v | Tw−1
0 α−1

0
=
∑
µ∈kF

w0

(
1 [µ]ϖF
0 1

)
α−1

0 · v.

Proof. Here, we only point out some further reductions. At first, note that Φg is supported on ISgIS = ISgIS(1).
Now, using Proposition 6 of [4] (or by the explicit bijection between the convolution and endomorphism algebras,
and Frobenius reciprocity, mentioned in subsection 2.1), we have

f | Tg =
∑

g′∈IS\GS

Φg(g′)(g′)−1 · f =
∑

g′∈IS(1)\GS

Φg(g′)(g′)−1 · f.
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Here, the second equality follows from the fact that Φg(tg′)(tg′)−1 · f = Φg(g′)(g′)−1 · f for all t ∈ TS(O×
F ).

Therefore, the above sum is supported on IS(1)gIS(1). The remaining proof is same as that of the pro-p-Iwahori
Hecke algebra case. □

Definition 4.4. We define the following maps :

S1 := [v 7→
∑
λ∈kF

(
1 [λ]
0 1

)
w−1

0 · v] : π → π

and
S2 := [v 7→

∑
µ∈kF

w0

(
1 [µ]ϖF
0 1

)
α−1

0 · v] : π → π.

We write down the following Lemma whose proof is now clear.

Lemma 4.5. Let π be a smooth representation of GS. If v ∈ πIS(1), then S1v, S2v ∈ πIS(1), and hence we have
Sv = (S1 ◦ S2)(v) ∈ πIS(1).

4.3. Action of H(GS, IS, χ) on (indGS
K0

(σ))(IS,χ). At first, we recall some basic results about the (IS, χ)-isotypic
component of indGS

K0
(σ). Let σ be a weight of K0, and fn ∈ (indGS

K0
(σ))IS(1) denote the function, supported on

K0α
−n
0 IS(1) (note that GS = ⊔n∈ZK0α

−n
0 IS(1); see Proposition 3.32 in [1]), which is defined as follows :

fn(α−n
0 ) :=

{
w0 · vσ, n > 0
vσ, n ≤ 0

.

Here, vσ ∈ σIS(1) is the unique vector that generates σ (see Carter-Lusztig theory i.e. Theorem 3.1). We recall
the following.

Proposition 4.6. (1) The family of functions (fn |n ∈ Z) forms an F̄p-basis of (indGS
K0

(σ))IS(1).
(2) The Iwahori subgroup IS acts on fn as follows :

i · fn =
{
χσ(i)fn, n ≤ 0
χw0
σ (i)fn, n > 0

,

where i ∈ IS, and χσ denotes the character by which IS acts on F̄p · vσ.

Proof. See Proposition 3.33 of [1]. □

Now, let χ be a character of IS. Then χ|IS(1) = 1 as IS(1) is pro-p. We can therefore consider χ as a character
of IS/IS(1) ≃ k×

F . Consider the isotypic component (indGS
K0

(σ))(IS,χ); let f be a non-zero function in this subspace.
Then, f is fixed by IS(1). So, we write f =

∑
n λnfn, where λn’s are zero for all but finitely many n’s. The fact

that IS acts on f by χ implies, for every i ∈ IS, we have∑
n

λnχ(i)fn = χ(i)f = i · f =
∑
n

λn(i · fn) =
∑
n

λnχn(i)fn,

where, by Proposition 4.6, χn(i) = χσ(i) if n ≤ 0 or χ(i) = χw0
σ (i) if n > 0. Since λn is non-zero for some n, and

i ∈ IS was arbitrary, we have χ = χσ or χ = χw0
σ . We have shown the following.

Proposition 4.7. The isotypic component (indGS
K0

(σ))(IS,χ) is non-zero if and only if χ = χσ or χ = χw0
σ .

As an immediate consequence of the above computation, we also obtain the following.

Proposition 4.8. (1) If χσ = χw0
σ , then (indGS

K0
(σ))(IS,χσ) = (indGS

K0
(σ))IS(1) = ⟨fn |n ∈ Z⟩.

(2) If χσ ̸= χw0
σ , then (indGS

K0
(σ))(IS,χσ) = ⟨fn |n ≤ 0⟩, and (indGS

K0
(σ))(IS,χ

w0
σ ) = ⟨fn |n > 0⟩.

Next, we compute the right action of H(GS, IS, χ) on (indGS
K0

(σ))(IS,χ). For the isotypic component to be
non-zero we take χ ∈ {χσ, χw0

σ }.
At first, we consider the situation when χ = χσ = χw0

σ .

Proposition 4.9. Let χσ = χw0
σ , so that (indGS

K0
(σ))(IS,χσ) = ⟨fn |n ∈ Z⟩. Consider the operators Tw0 , Tw−1

0 α−1
0

∈
H(GS, IS, χσ). Then, we have the following :

(1) Let n ≥ 0, then
f−n | Tw0 = a−n · f−n and f−n | Tw−1

0 α−1
0

= fn+1.

(2) Let n ≥ 1, then
fn | Tw0 = f−n and fn | Tw−1

0 α−1
0

= bn · fn.
Where an’s and bn’s are scalars.
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Proof. We use Proposition 4.2. First we compute the functions fn | Tw0 for n ≥ 1. Then, x ∈ Supp(fn | Tw0) =⇒
xuw−1

0 ∈ K0α
−n
0 IS(1) for some u ∈ US(OF). So, the support of fn | Tw0 is contained in K0α

−n
0 IS(1)w0US(OF) =

K0α
n
0 IS(1). Hence, we compute

(fn | Tw0)(αn0 ) =
∑
λ∈kF

fn(αn0
(

1 [λ]
0 1

)
w−1

0 ) = fn(αn0w−1
0 ) = w−1

0 · fn(α−n
0 ) = vσ,

where the second equality follows from the fact that αn0
(

1 [λ]
0 1

)
w0 ∈ K0α

n
0 IS(1) for λ ̸= 0; this is easy to prove

by elementary row and column elimination techniques. We conclude that, for n ≥ 1, we have

fn | Tw0 = f−n.

Now, we consider f−n | Tw0 for n ≥ 1. At first, we note that its support is contained in

K0α
n
0 IS(1)w0US(OF) = K0α

n
0 US(OF)w0US(OF) ⊂ K0α

−n
0 IS(1) ∪ K0α

n
0 IS(1),

where the containment follows by computing the normal form of a matrix of the form(
ϖ−n

F 0
0 ϖn

F

)(
1 x
0 1

)(
0 −1
1 0

)
depending of the valuation of x being 1 or ≥ 1. So, we compute

(f−n | Tw0)(α−n
0 ) =

∑
λ∈kF

f−n(α−n
0

(
1 [λ]
0 1

)
w−1

0 ) =
∑
λ∈kF

(
1 [λ]ϖ2n

F
0 1

)
w−1

0 · f−n(αn0 )

=
∑
λ∈kF

w−1
0

(
1 0

−[λ]ϖ2n
F 1

)
· f−n(αn0 ) =

∑
λ∈kF

w−1
0 · vσ = 0.

Hence, for n ≥ 1, the function f−n | Tw0 is supported on K0α
n
0 IS(1), so we have

f−n | Tw0 = a−nf−n.

Finally, for n = 0 it is clear that f0 | Tw0 is supported on K0, and so

f0 | Tw0 = a0f0.

Next, we consider the functions f−n | Tw−1
0 α−1

0
for n ≥ 0. Here also, x ∈ Supp(f−n | Tw−1

0 α−1
0

) =⇒ x ∈
K0α

n
0 IS(1)w−1

0 α−1
0 ŪS(pF) = K0α

−(n+1)
0 IS(1). Therefore, we compute

(f−n | Tw−1
0 α−1

0
)(α−(n+1)

0 ) =
∑
µ∈kF

f−n(α−(n+1)
0

(
1 0

[µ]ϖF 1

)
α0w0) = f−n(α−n

0 w0) = w0 · vσ,

where the second equality follows from : α−(n+1)
0

(
1 0

[µ]ϖF 1

)
α0w0 ∈ K0α

−(n+1)
0 IS(1) for µ ≠ 0; this again is

easy to prove using elementary row and column eliminations to reduce the matrix to its normal form. Hence, for
n ≥ 0, we have

f−n | Tw−1
0 α−1

0
= fn+1.

Finally, we consider the function fn | Tw−1
0 α−1

0
for n ≥ 1. Note that its support is contained in

K0α
−n
0 IS(1)w−1

0 α−1
0 ŪS(pF) ⊂ K0α

n−1
0 IS(1) ∪ K0α

−n
0 IS(1).

The above containment can be proved by noting that K0α
−n
0 IS(1)w−1

0 α−1
0 ŪS(pF) = K0α

n
0 US(pF)α−1

0 ŪS(pF),
and computing the normal form of a matrix of the form(

ϖ−n
F 0
0 ϖn

F

)(
1 x
0 1

)(
ϖF 0
0 ϖ−1

F

)
for x ∈ pF depending on the valuation of x being 1 or ≥ 1. So, we compute

(fn | Tw−1
0 α−1

0
)(αn−1

0 ) =
∑
µ∈kF

fn(αn−1
0

(
1 0

[µ]ϖF 1

)
α0w0) =

∑
µ∈kF

(
1 0

[µ]ϖ2n−1
F 1

)
· fn(αn0w0)

=
∑
µ∈kF

(
1 0

[µ]ϖ2n−1
F 1

)
w0 · fn(α−n

0 ) = −
∑
µ∈kF

(
1 0

[µ]ϖ2n−1
F 1

)
· vσ = −

∑
µ∈kF

vσ = 0.

Hence, we conclude that (fn | Tw−1
0 α−1

0
)(αn−1

0 ) is supported on K0α
−n
0 IS(1), and therefore, for n ≥ 1, we have

fn | Tw−1
0 α−1

0
= bnfn

where bn’s are scalars. This completes the proof of the Proposition. □



A RESTRICTION PROBLEM FOR MOD-p REPRESENTATIONS OF SL2(F) 9

Next, we consider the situation where χσ ̸= χw0
σ . We consider the operators Tα0,χσ , Tα−1

0 ,χσ
of H(GS, IS, χσ),

and the operators Tα0,χ
w0
σ
, Tα−1

0 ,χ
w0
σ

of H(GS, IS, χ
w0
σ ).

Proposition 4.10. Let χσ ̸= χw0
σ . Then :

(1) For n ≥ 0, we have f−n | Tα−1
0 ,χσ

= 0 and f−n | Tα0,χσ
= f−(n+1).

(2) For n ≥ 1, we have fn | Tα0,χ
w0
σ

= 0 and fn | Tα−1
0 ,χ

w0
σ

= fn+1.

Proof. Recall that by Proposition 4.3, for f ∈ (indGS
K0

(σ))(IS,χ) and Tg ∈ H(GS, IS, χ), we have

f | Tg =
∑

i∈IS(1)/(IS(1)∩(g−1IS(1)g))

ig−1 · f.

Now, taking g ∈ {α0, α
−1
0 } and observing that the Iwahori decomposition gives

IS(1)/(IS(1) ∩ (α−1
0 IS(1)α0)) ≃ US(OF)/US(p2

F) and IS(1)/(IS(1) ∩ (α0IS(1)α−1
0 )) ≃ ŪS(pF)/ŪS(p3

F),

we obtain
f | Tα0 =

∑
λ∈k2

F

(
1 A(λ)
0 1

)
α−1

0 · f and f | Tα−1
0

=
∑
µ∈k2

F

(
1 0

ϖFA(µ) 1

)
α0 · f.

At first, we consider the first statement. We compute the support of f−n | Tα−1
0 ,χσ

; note that the support is
contained in K0α

n
0 IS(1)α−1

0 ŪS(pF).
When n = 0, this is contained in the double coset K0α

−1
0 IS(1), hence

f0 | Tα−1
0 ,χσ

= 0,

since by Proposition 4.8, the function f0 | Tα−1
0 ,χσ

is contained in ⟨fn |n ≤ 0⟩ which is supported on ∪k≥0K0α
k
0IS(1).

When n ≥ 1, we have

K0α
n
0 IS(1)α−1

0 ŪS(pF) ⊂ K0α
n−1
0 IS(1) ∪ K0α

−n
0 IS(1) ∪ K0α

−(n+1)
0 IS(1).

This containment follows by observing that for a ∈ OF the matrix(
ϖ−n

F 0
0 ϖn

F

)(
1 a
0 1

)(
ϖF 0
0 ϖ−1

F

)
=
(
ϖ−n+1

F aϖ−n−1
F

0 ϖn−1
F

)
has α−(n+1)

0 as its normal form when a ∈ O×
F , and α−n

0 as its normal form when a ∈ pF \ p2
F. If a ∈ p2

F, then the
normal form is αn−1

0 . So, we only need to compute

(f−n | Tα−1
0 ,χσ

)(αn−1
0 ) =

∑
µ∈k2

F

f−n(αn−1
0

(
1 0

ϖFA(µ) 1

)
α0) =

∑
µ∈k2

F

(
1 0

ϖ2n−1
F A(µ) 1

)
· f−n(αn0 ) =

∑
µ∈k2

F

vσ = 0.

Now, the support of f−n | Tα0,χσ
is contained in K0α

n
0 IS(1)α0US(OF) = K0α

n+1
0 IS(1). So, we compute

(f−n | Tα0,χσ
)(αn+1

0 ) =
∑
λ∈k2

F

f−n(αn+1
0

(
1 A(λ)
0 1

)
α−1

0 ) = f−n(αn0 ) = vσ,

since, for λ ̸= (0,0) we have

αn+1
0

(
1 A(λ)
0 1

)
α−1

0 =
(
ϖ−n

F ϖ
−(n+2)
F A(λ)

0 ϖn
F

)
,

whose normal form is α−(n+2)
0 when A(λ) ∈ O×

F , and α
−(n+1)
0 when A(λ) ∈ pF \ p2

F, and that in turn implies
that for λ ̸= (0,0) we have

αn+1
0

(
1 A(λ)
0 1

)
α−1

0 ∈ K0α
−(n+1)
0 IS(1) ∪ K0α

−(n+2)
0 IS(1).

This completes the proof of the first part.
We now turn to the second part. For n ≥ 1 we first compute the support of fn | Tα0,χ

w0
σ

which is contained
in K0α

−n
0 IS(1)α0US(OF) ⊂ K0α

−(n−1)
0 IS(1) ∪ K0α

n
0 IS(1) ∪ K0α

n−1
0 IS(1). However, fn | Tα0,χ

w0
σ

is contained in
⟨fn |n ≥ 1⟩ by Proposition 4.8, and hence supported on ∪k≥1K0α

−k
0 IS(1). So, we compute

(fn | Tα0,χ
w0
σ

)(α−(n−1)
0 ) =

∑
λ∈k2

F

fn(α−n+1
0

(
1 A(λ)
0 1

)
α−1

0 ) =
∑
λ∈k2

F

fn(α−n
0 )

∑
λ∈k2

F

w0 · vσ = 0.

Hence, we conclude, for n ≥ 1, we have
fn | Tα0,χ

w0
σ

= 0.
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Finally, we compute fn | Tα−1
0 ,χ

w0
σ

. At first, note that its support is contained in K0α
−n
0 IS(1)α−1

0 ŪS(pF) =
K0α

−(n+1)
0 IS(1), hence we compute

(fn | Tα−1
0 ,χ

w0
σ

)(α−(n+1)
0 ) =

∑
µ∈k2

F

fn(α−(n+1)
0

(
1 0

ϖFA(µ) 1

)
α0) = fn(α−n

0 ) = 1;

the second equality follows from the fact that for µ ̸= (0,0) we have

α
−(n+1)
0

(
1 0

ϖFA(µ) 1

)
α0 ∈ K0α

n
0 IS(1) ∪ K0α

n+1
0 IS(1),

which in turn follows by computing the normal form of the above matrix when valuation of A(µ) is 0 or 1.
Therefore, we have

fn | Tα−1
0 ,χ

w0
σ

= fn+1

for n ≥ 1. This completes the proof of the second part, and the Proposition. □

4.4. Finiteness results. We now prove two results which are analogous to Proposition 18 and 32 of [4]. The
proof of the following codimensionality result is almost similar to that of Corollary 3.3 in [19].

Proposition 4.11. Let χ ∈ {χσ, χw0
σ }. Then, any non-zero H(GS, IS, χ)-submodule of (indGS

K0
(σ))(IS,χ) has finite

codimension.

Proof. Let M be a non-zero H(GS, IS, χ)-submodule of (indGS
K0

(σ))(IS,χ), and take a non-zero f ∈ M.
At first, we consider the situation where χσ ̸= χw0

σ . Let χ = χσ. We write

f =
∑

0≤k≤m

ckf−k

for some 0 ≤ m, and some ck ∈ F̄p with 0 ≤ k ≤ m. We further assume cm ≠ 0. We show that the subspace M′

spanned by M and the set of functions {f0, f−1, . . . , f−m} is the whole space (indGS
K0

(σ))(IS,χ). This clearly means
M is of finite codimension. Therefore, it suffices to show that f−k ∈ M′ for every k ≥ m+ 1. Now, applying the
operator Tα0,χσ to f we have, by Proposition 4.10, that

f ′ := f | Tα0,χσ
=

∑
0≤k≤m

ckf−(k+1) ∈ M,

and hence f−(m+1) ∈ M′. Applying Tα0,χσ repeatedly we obtain f−k ∈ M′ for all k ≥ m+ 1 as required.
Next, we let χ = χw0

σ . We write
f =

∑
1≤k≤m

ckfk

as before with some m ≥ 1 and some ck ∈ F̄p for 1 ≤ k ≤ m. Assume cm ≠ 0. Here, by applying the operator
Tα−1

0 ,χ
w0
σ

, we can show similarly that the subspace M′ spanned by M and {f1, . . . , fm} is (indGS
K0

(σ))(IS,χ).
We now turn to the situation where χ = χσ = χw0

σ . We write

f =
∑

n≤k≤m

ckfk

for some n,m ∈ Z and ck ∈ F̄p for n ≤ k ≤ m. We assume cncm ̸= 0, and that n,m > 0. We show that the
subspace M′ spanned by M and {f−m+1, . . . , fm} is (indGS

K0
(σ))(IS,χ) = indGS

K0
(σ)IS(1). Therefore, we need to show

that fk ∈ M′ for k ≥ m+ 1 and k ≤ −m. We consider f ′ := f | Tw0 ∈ M. By Proposition 4.9, we have

f ′ = f | Tw0 =
∑

n≤k≤m

ckf−k.

Since cm ̸= 0, we have f−m ∈ M′. Again, consider f ′′ := f ′ | Tw−1
0 α−1

0
∈ M. By Proposition 4.10, we have

f ′′ = f ′ | Tw−1
0 α−1

0
=

∑
n≤k≤m

ckfk+1.

So, we have fm+1 ∈ M′. We again apply Tw0 and then Tw−1
0 α−1

0
repeatedly to obtain fk ∈ M′ for k ≥ m+ 1 and

k ≤ −m. On the other hand, if both n,m ≤ 0, then we apply Tw−1
0 α−1

0
to f to obtain

f | Tw−1
0 α−1

0
=

∑
n≤k≤m

ckf−k+1 ∈ M

and we are in the previous case.
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Finally, we consider the case when n ≤ 0 and m ≥ 1. Here also, we assume cncm ̸= 0. At first, we show
that f | Tw0 and f | Tw−1

0 α−1
0

cannot both be zero. So, let f | Tw−1
0 α−1

0
= 0. This implies, by Proposition 4.9, the

following : ∑
n≤k≤0

ckf−k+1 +
∑

1≤k≤m

ckbkfk = 0.

Now, since cn ̸= 0, this implies −n+ 1 ≤ m i.e. n > −m. But then applying Proposition 4.9 again, we get

f | Tw0 =
∑

1≤k≤m

ckf−k +
∑

n≤k≤0
ckakfk,

which is non-zero as cm ̸= 0. Therefore, by considering any one of the non-zero functions f | Tw0 or f | Tw−1
0 α−1

0
we

reduce to the case considered before where the basis functions appearing in the presentation of f are all indexed
by positive integers or all indexed by non-positive integers. This completes the proof of the Proposition. □

Remark 4.12. We mention that in Subsection 3.7.3 of [1], Abdellatif constructs a ”counterexample” to the above
proposition. However, it was mentioned in Remark 3.2 of Kozioł’s recent paper[14] that this "counterexample" is
incorrect. The author would like to thank Peng Xu for pointing out this remark in Kozioł’s paper.

Remark 4.13. The above codimentionality result is not true in general. For example, it fails for higher rank
groups like GL3(F); see Theorem 5.1 in [19]. In fact, the Proposition 18 of [4] is sensitive to the fact that the
irreducible representation of GL2(F) under consideration admits central characters. The proof fails to work for
irreducibles of GL2(F) without central characters; the existence of these has been proved recently by Daniel Le
in [15].

We now prove the main Theorem of this section, which is the SL(2)-analogue of Proposition 32 of [4]. The
proof is almost entirely similar to the one in [4], so we just add a few extra lines of details.

Proposition 4.14. Let σ be a weight of K0, and let π be a smooth irreducible representation of GS. If
φ ∈ HomGS(indGS

K0
(σ), π) is a non-zero intertwiner, then the H(GS,K0, σ)-submodule generated by φ is of finite

dimension.

Proof. As φ is non-zero and π is irreducible, φ is surjective. But, it cannot be injective as indGS
K0

(σ) is not
irreducible (see Théorème 3.18 in [1]). Therefore, since IS(1) is pro-p, we have ker(φ)IS(1) ̸= 0. Now, given
any non-zero v ∈ ker(φ)IS(1), the IS-subrepresentation F̄p[IS] · v ⊂ ker(φ)IS(1) (note that IS(1) is normal in IS)
is finite dimensional, as it can be considered as a representation of IS/IS(1). But IS/IS(1) is a finite abelian
group of order coprime to p. So, we can write F̄p[IS] · v as a finite sum of characters. We may replace v by one
such non-zero vectors from one of these characters. Hence, we may assume ker(φ)(IS,χ) ≠ 0. By Proposition
4.7, it is forced that such a χ ∈ {χσ, χw0

σ }. By Frobenius reciprocity, this means HomGS(indGS
IS

(χ), ker(φ)) ̸= 0.
We may also assume that χ = χσ. This is because if 0 ̸= f ∈ ker(φ)(IS,χ

w0
σ ), then we may write f in the form∑

1≤k≤n ckfk, where ck is not zero for some k. Now, using Proposition 4.3, and Proposition 4.9, we have

f ′ := f | Tw0 =
∑
λ∈kF

(
1 [λ]
0 1

)
w−1

0 · f =
∑

1≤k≤n

ckf−k

is a non-zero function in ker(φ)(IS,χσ).
Now, consider the map

φ∗ := [T 7→ φ ◦ T] : HomGS(indGS
IS

(χσ), indGS
K0

(σ)) → HomGS(indGS
IS

(χσ), π).

Clearly, φ∗(HomGS(indGS
IS

(χσ), ker(φ))) = 0. Since, by Proposition 4.11, HomGS(indGS
IS

(χσ), ker(φ)) ≃ ker(φ)(IS,χσ)

is a non-zero submodule of HomGS(indGS
IS

(χσ), indGS
K0

(σ)) ≃ (indGS
K0

(σ))(IS,χσ), it is of finite codimension. Noting
that clearly φ∗ is also a H(GS, IS, χσ)-module homomorphism, we conclude that the image of φ∗ is a finite
dimensional submodule of HomGS(indGS

IS
(χσ), π). Also, we consider the map

Φ∗ := [T 7→ φ ◦ T] : HomGS(indGS
K0

(σ), indGS
K0

(σ)) → HomGS(indGS
K0

(σ), π).

Let δ0 ∈ HomK0(indK0
IS

(χσ), σ) be the intertwiner corresponding (by Frobenius reciprocity) to the intertwiner
in HomIS(χσ, σ) that carries 1 7→ vσ. Since, δ0 is non-zero and σ is an irreducible K0 representation, we conclude
that δ0 is surjective. Applying the functor indGS

K0
(−) to δ0 we get δ ∈ HomGS(indGS

IS
(χσ), indGS

K0
(σ)). This δ is

also a surjection as indGS
K0

(−) is an exact functor (see, for example, Exercise 1 in subsection 2.5 of [8]). Now, δ
induces the following maps :

δ∗ := [T 7→ T ◦ δ] : HomGS(indGS
K0

(σ), π) → HomGS(indGS
IS

(χσ), π),
and

∆∗ := [T 7→ T ◦ δ] : HomGS(indGS
K0

(σ), indGS
K0

(σ)) → HomGS(indGS
IS

(χσ), indGS
K0

(σ)).
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But, as δ is surjective, both δ∗ and ∆∗ are injective. And, clearly from the definitions of the maps φ∗, Φ∗, δ∗,
and ∆∗, the following square is commutative :

HomGS(indGS
K0

(σ), indGS
K0

(σ)) HomGS(indGS
K0

(σ), π)

HomGS(indGS
IS

(χσ), indGS
K0

(σ)) HomGS(indGS
IS

(χσ), π)

Φ∗

∆∗ δ∗

φ∗

Therefore, we conclude that the image Φ∗(EndGS(indGS
K0

(σ))) of Φ∗, which is the submodule generated by φ, is
finite dimensional. This completes the proof. □

5. The case of non-supersingular representations

At first, we recall the theory of mod p principal series representations of GS. We start with a smooth F̄p
character η of BS. As the abelianization of BS is the torus TS ∼= F×, we can consider this η as a smooth character
of TS or F×. We then have a short exact sequence of BS representations :

0 → Vη → IndGS
BS

(η) → η → 0,

where the map IndGS
BS

(η) → η is evaluation at the identity matrix, and Vη is the kernel of this map. We mention
the following standard facts :

(1) Vη is an irreducible representation of BS.
(2) The above short exact sequence splits if and only if η = 1, the trivial character.
(3) IndGS

BS
(η) is an irreducible representation of GS if and only if η ̸= 1. In this case, these representations

are called principal series of GS.
(4) The GS representation IndGS

BS
(1) is indecomposable and of length 2, with the trivial representation 1 as

its only subrepresentation and the Steinberg representation StS :=
IndGS

BS
(1)

1 as the only quotient. Hence
we have a non-split exact sequence 0 → 1 → IndGS

BS
(1) → StS → 0 of GS representations.

(5) As GS = BSIS(1) ⊔ BSβ0IS(1) (see Lemme 1.7 in [1]), the pro-p-Iwahori invariants (IndGS
BS

(η))IS(1) has
dimension 2 over F̄p. It is generated by the functions ℓ1,η, supported on BSIS(1) and taking value 1 at
I2, and ℓ2,η, supported on BSβ0IS(1) and taking value 1 at β0.

The proofs of all these facts can be found in Section 3.4 of [1].

Lemma 5.1. Let π be a smooth representation of GS, and F̄pv be a line which is BS-stable. Then GS, and
hence BS, acts trivially on this line. Hence, for η ̸= 1 we have HomBS(η, π) = 0.

Proof. By smoothness we have some positive integer m such that ŪS(pmF ) fixes v. Consider any arbitrary
lower unipotent matrix ū(x) ∈ ŪS for some x ∈ F. There is some k ∈ Z such that y := xϖ2k

F ∈ pmF . Then
ū(x) = αk0 ū(y)α−k

0 fixes v. The upper and lower unipotent matrices generate GS, and the upper unipotents
being the derived subgroup of BS act trivially on F̄pv. Therefore, we have that GS acts trivially on F̄pv. □

We have the following immediate corollary, which also follows from the fact that the abelianization of SL2(k)
for any infinite field k is trivial.

Corollary 5.2. The trivial character is the only smooth F̄p-character of GS.

Corollary 5.3. Given a smooth representation π of GS, the restriction map induces an isomorphism between
the following spaces :

HomGS(1, π) ∼= HomBS(1, π|BS).

Proof. The existence of a non-zero intertwiner in HomBS(1, π|BS) is equivalent to the existence of a BS-stable
line in π. Therefore, the lemma applies and we can extend such an intertwiner trivially to a GS-intertwiner. □

Corollary 5.4. Let π be a smooth representation of GS. Suppose η ̸= 1, and φ ∈ HomBS(IndGS
BS

(η), π) be
non-zero. Then φ is an injection.

Proof. The proof is same as that of Corollary 5.2 in [18]. We will reproduce it to make the article self-contained.
So let 0 ̸= φ ∈ HomBS(IndGS

BS
(η), π), and suppose kerφ ̸= 0. We claim at first that kerφ = Vη. Otherwise, since

IndGS
BS

(η) as a BS-representation has length 2, we must have IndGS
BS

(η) = kerφ⊕ Vη. This implies kerφ ∼= η as
BS-representations. But this is not possible because HomBS(η, IndGS

BS
(η)) = 0 as η ̸= 1, by Lemma 5.1. But if

kerφ = Vη, then φ induces a map φ̄ ∈ HomBS(η, π). By Lemma 5.1, φ̄ = 0, and hence φ = 0, a contradiction.
Hence, kerφ = 0. □

Corollary 5.5. Let η ̸= 1. Then the restriction map induces as isomorphism
HomGS(IndGS

BS
(η), IndGS

BS
(η)) ∼= HomBS(IndGS

BS
(η), IndGS

BS
(η)).
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Proof. Here also the proof is similar to Corollary 5.3 in [18]. We show that EndBS(IndGS
BS

(η)) is a one dimensional
space. For this, let φ1 and φ2 be two non-zero intertwiners in EndBS(IndGS

BS
(η)). Then, by the previous Corollary,

their restrictions to Vη gives two non-zero maps in EndBS(Vη). Note that Img(φi) = Vη, otherwise by the
length 2 condition (as in the proof of the previous Corollary) we will have that Vη has dimension 1, which is
false. But EndBS(Vη) is one dimensional as Vη is an irreducible BS-representation (see Proposition 2.11 in
[6]; the proof works over any algebraically closed field). Hence, φ1|Vη

= λφ2|Vη
for some λ ∈ F̄×

p . But then
φ1 − λφ2 ∈ EndBS(IndGS

BS
(η)) is not an injection, and hence must be identically zero. □

We now prove a useful lemma, analogous to Lemma 5.3 of [20], which is, in essence, a rather elegant application
of Carter-Lusztig theory.

Lemma 5.6. Let π be a smooth representation of GS, and 0 ̸= v ∈ πIS(1). Suppose IS acts on v by a character.
Then, either Sv = 0, or Sv generates a non-trivial weight of K0 = SL2(OF).

Proof. Suppose Sv ≠ 0. We set v′ := S2v so that Sv = S1v
′. By our assumption v′ ̸= 0. Now, we recall that

IS = TS(O×
F )IS(1), and since IS(1) is a pro-p-group any character of IS is trivial on IS(1). Hence, any character

of IS can be considered as a character of TS(O×
F ). Therefore, if IS acts on v by a character χ, and as IS(1) fixes

v′ by Lemma 4.5, IS will act on v′ via the character χw0 , and therefore IS will act on Sv by χ.
We now consider the K0-representation κ = F̄p[K0] · v′. By Frobenius reciprocity the IS-intertwiner (1 7→ v′) :

χw0 → π corresponds to the K0-intertwiner indK0
IS

(χw0) → π that takes the generator φχw0 = [1,1] ∈ indK0
IS

(χw0)
to v′. So we obtain κ as a quotient of indK0

IS
(χw0) = IndK0

IS
(χw0); this equality is evident from the fact that K0 is

compact. This intertwiner maps F̄p[K0] · (S1φχw0 ) onto F̄p[K0] · (Sv).
Now, note that any character χ of TS(O×

F ) ∼= O×
F can be considered as a character of k×

F since χ|1+pF = 1,
and O×

F /(1 + pF) ∼= kF. Consider the natural map (f 7→ f̃ := [k 7→ f(kmod pF)]) : IndΓ
B(χw0) → IndK0

IS
(χw0).

This is a K0−intertwiner, with K0 acting on IndΓ
B(χw0) via mod p reduction. This action is obviously smooth

as the level one congruence subgroup fixes everything. And, the irreducible representation F̄p[K0] · (Tw0φχ) is
mapped onto F̄p[K0] · (S1φχw0 ); note the use of equation (3.1). Therefore, by Carter-Lusztig theory (Theorem
3.1, and Remark 3.2), the K0-representation F̄p[K0] · (S1φχw0 ), and hence F̄p[K0] · (Sv) is a non-trivial weight of
K0. This completes the proof of the lemma. □

Remark 5.7. The above lemma is the analogue of Lemma 4.1 of [18]. However, in case of SL2(F) we have to deal
with the possibility of S2v = 0 (which obviously implies Sv = 0). This situation does not arise in case of GL2(F).
This additional technical condition makes the proof of one of our main results, Theorem 6.11, considerably more
technical than its GL2 counterpart, which is Theorem 4.4 of [18]. This situation also arises in [20].

The main theorem of this section is the following.

Theorem 5.8. Given a smooth representation π of GS, and a smooth character η of BS, the restriction map
induces an isomorphism between the following spaces of intertwiners :

HomGS(IndGS
BS

(η), π) ∼= HomBS(Vη, π|BS).

Proof. We show at first that the restriction map is injective. So, let φ ∈ HomGS(IndGS
BS

(η), π) vanishes on Vη.

Then it factors through
IndGS

BS
(η)

Vη

∼= η as a BS-intertwiner. So if η ̸= 1, by the Lemma 5.1 we have φ = 0. We
therefore assume η = 1; now, if φ ̸= 0, we get a non-zero BS-intertwiner in HomBS(1, π|BS), which by Corollary
5.3 lifts trivially to a GS intertwiner in HomGS(1, π). Hence, the image of φ is a line in π on which GS acts
trivially. Consequently, we have 1 as a quotient of IndGS

BS
(1), which is false.

Recall that the space (IndGS
BS

(η))IS(1) is two dimensional, generated by the functions ℓ1,η and ℓ2,η, supported
on BSIS(1) and BSw0IS(1) respectively. Also it can be shown easily that IS acts on ℓ1,η by the character
η+ := η|TS(O×

F ), and on ℓ2,η by the character η− := (η|TS(O×
F ))w0 (see Lemme 2.10 in [1]). Now, by Lemma 4.5,

we know that Sℓ2,η is a linear combination of ℓ1,η and ℓ2,η. It is easy to see that Sℓ2,η(I2) = 0. Next, we check
that :

Sℓ2,η(β0) =
∑
λ∈k2

F

ℓ2,η(β0

(
1 A(λ)
0 1

)
α−1

0 ) = η(α0),

since for A(λ) ̸= 0 we have

w0

(
1 A(λ)ϖ−2

F
0 1

)
=
(

A(λ)−1ϖ2
F −1

0 A(λ)ϖ−2
F

)(
1 0

A(λ)−1ϖ2
F 1

)
∈ BSIS(1).

In other words we have Sℓ2,η = η(α0)ℓ2,η. Therefore, by Lemma 5.6, we have that F̄p[K0] · ℓ2,η = F̄p[K0] · (Sℓ2,η)
is a non-trivial weight of K0.
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We now show that the restriction map is surjective. So let ψ ∈ HomBS(Vη, π) be non-zero. The map ℓ2,η is
supported on BSβ0IS(1) and hence it lies in Vη. Therefore, as Vη is irreducible, ℓ2,η generates it as an F̄p[BS]-
module, and hence ψ(ℓ2,η) ̸= 0. Now, ψ(ℓ2,η) is fixed by BS ∩ IS(1). Also, ψ(Sℓ2,η) = Sψ(ℓ2,η) = η(α0)ψ(ℓ2,η),
that is

(5.1) ψ(ℓ2,η) = η(α0)−1Sψ(ℓ2,η)

Now by smoothness the vector ψ(ℓ2,η) is fixed by ŪS(p2k+1
F ) for some large k. We show that ŪS(p2k−1

F ) fixes
ψ(ℓ2,η) by showing that it fixes Sψ(ℓ2,η). For this, at first we verify the following claim.

Claim. US(p2k−1
F ) fixes S2ψ(ℓ2,η).

Proof of the Claim. Take some b ∈ p2k−1
F . Then we have :(

1 b
0 1

)
S2ψ(ℓ2,η) =

∑
µ∈kF

w0

(
1 0

−b 1

)(
1 [µ]ϖF
0 1

)
α−1

0 ψ(ℓ2,η)

=
∑
µ∈kF

w0

(
1 [µ]ϖF(1 − [µ]ϖFb)−1

0 1

)(
(1 − [µ]ϖFb)−1 0

0 (1 − [µ]ϖFb)

)(
1 0

−b(1 − [µ]ϖFb)−1 1

)
α−1

0 ψ(ℓ2,η)

=
∑
µ∈kF

w0

(
1 [µ]ϖF(1 − [µ]ϖFb)−1

0 1

)
α−1

0 ψ(ℓ2,η) =
∑
µ∈kF

w0

(
1 [µ]ϖF
0 1

)(
1 ∗ϖ2

F
0 1

)
α−1

0 ψ(ℓ2.η)

=
∑
µ∈kF

w0

(
1 [µ]ϖF
0 1

)
α−1

0 ψ(ℓ2,η) = S2ψ(ℓ2,η).

□

Now, if b ∈ p2k−1
F then we have(

1 0
b 1

)
Sψ(ℓ2,η) =

(
1 0
b 1

)
S1(S2ψ(ℓ2,η))

=
∑
λ∈kF

(
1 0
b 1

)(
1 [λ]
0 1

)
w−1

0 S2ψ(ℓ2,η) =
∑
λ∈kF

(
1 [λ](1 + [λ]b)−1

0 1

)
w−1

0 S2ψ(ℓ2,η)

=
∑
λ∈kF

(
1 [λ]+b′

λ

0 1

)
w−1

0 S2ψ(ℓ2,η)

=
∑
λ∈kF

(
1 [λ]
0 1

)
w−1

0

∑
µ∈kF

w0

(
1 [µ]ϖF + b′

λ

0 1

)
α−1

0 ψ(ℓ2,η)

=
∑
λ∈kF

(
1 [λ]
0 1

)
w−1

0

∑
µ∈kF

w0

(
1 [µ]ϖF
0 1

)(
1 ∗ϖ2

F
0 1

)
α−1

0 ψ(ℓ2,η) = (S1 ◦ S2)(ψ(ℓ2,η)) = Sψ(ℓ2,η).

Here ∗ϖ2
F denotes an element of p2

F, and in the fourth equality above b′
λ is a element of p2k−1

F ⊂ pF. We
apply the above several times to deduce finally that ŪS(pF) fixes Sψ(ℓ2,η), and hence ψ(ℓ2,η). By applying the
Iwahori decomposition IS(1) = US(OF) × TS(1 + pF) × ŪS(pF), we have that ψ(ℓ2,η) is fixed by IS(1). Now, as
IS = TS(O×

F )IS(1) acts on ℓ2,η by η−, therefore IS acts on ψ(ℓ2,η) by η− as well. By appealing to Lemma 5.6
and Carter-Lusztig theory (Theorem 3.1 and Remark 3.2), we have F̄p[K0] · ℓ2,η ∼= F̄p[K0] · (ψ(ℓ2,η)), as weights
of K0, since the weights are uniquely determined by the character given via the action of IS. Also by Lemma 5.6,
these weights are non-trivial.

Set σ := F̄p[K0] · (ψ(ℓ2,η)) ⊂ π; then, by Frobenius reciprocity F̄p[GS] · (ψ(ℓ2,η)) is a quotient of indGS
K0

(σ),
and by equation (5.1) it is therefore a quotient of

indGS
K0

(σ)
(τσ − η(α0) · Id)(indGS

K0
(σ))

∼= IndGS
BS

(η),

where the above isomorphism of GS-representations is by Théorème 3.18 of [1]. Hence, F̄p[GS] · (ψ(ℓ2,η)) is
isomorphic to IndGS

BS
(η) if η ̸= 1, or F̄p[GS] · (ψ(ℓ2,η)) is isomorphic to V1 when η = 1. In both cases, up to scalar

multiples, there is only one intertwiner by Corollary 5.5; we consider the one whose restriction to Vη coincides
with ψ. This proves that the restriction map is surjective. □

The proof of the following corollary is similar to that of Corollary 5.5 in [18].

Corollary 5.9. Let η ̸= 1 and let π be a smooth representation of GS. Then we have
HomGS(IndGS

BS
(η), π) ∼= HomBS(IndGS

BS
(η), π).
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Proof. Clearly, the restriction map is an injection as IndGS
BS

(η) is an irreducible GS-representation. Now, let
0 ̸= ψ ∈ HomBS(IndGS

BS
(η), π). Then by Corollary 5.4, the following composition of BS-intertwiners is zero :

IndGS
BS

(η) → π → π
F̄p[GS]·(ψ(Vη)) . Hence, the image of ψ is contained in F̄p[GS] · (ψ(Vη)). This means we can

consider ψ|Vη to be a non-zero element of the space of BS-intertwiners HomBS(Vη, F̄p[GS] · (ψ(Vη))). By Theorem
5.8, we have that F̄p[GS] · (ψ(Vη)) is a quotient of IndGS

BS
(η), and as IndGS

BS
(η) is an irreducible GS-representation,

it is in fact isomorphic to F̄p[GS] · (ψ(Vη)). Hence, by Corollary 5.5, ψ is GS-linear as well. □

Finally, we note the following corollary which is immediate from Theorem 5.8, by noting that StS|BS
∼= V1 as

BS-representations. The later follows from the facts stated in the beginning of this Section.

Corollary 5.10. Let π be a smooth representation of GS. Then, we have HomGS(IndGS
BS

(1), π) ∼= HomBS(StS, π).

Remark 5.11. Letting π = IndGS
BS

(1), we can see that the above result cannot be improved if we replace IndGS
BS

(1)
with StS.

6. The case of Supersingular representations

6.1. Definition of supersingular representations. Recall that in Subsection 4.1 we mentioned the fact that
the spherical Hecke algebra H(GS,K0, σ) = F̄p[τ ] for an operator τ whose action on the standard functions

was given by an explicit formula. We set τσ :=
{
τ, σ ̸= 1
τ + Id, σ = 1.

We still have H(GS,K0, σ) = F̄p[τσ]. In a

similar manner we can show that the spherical Hecke algebra with respect to the other maximal compact
subgroup K1, denoted H(GS,K1, σ

α) is generated as a polynomial algebra in one variable. More precisely, we
have H(GS,K1, σ

α) = F̄p[τ1
σα ], where the operator τ1

σα is the analogue of τσ. Here, we use the notation α for the
matrix diag(1, ϖF) ∈ GL2(F), and σα denotes the twist of σ by the inner automorphism given by α. We now
give the following definition.

Definition 6.1. (1) A smooth irreducible F̄p[GS]-module π is said to be supersingular with respect to K0 or

simply K0-supersingular if it is a quotient of the F̄p[GS]-module
indGS

K0
(σ)

τσ(indGS
K0

(σ))
.

(2) A smooth irreducible F̄p[GS]-module π is said to be supersingular with respect to K1 or simply K1-

supersingular if it is a quotient of the F̄p[GS]-module
indGS

K1
(σα)

τ1
σα (indGS

K1
(σα))

.

We have following result which is proved in Proposition 3.20 of [1].

Proposition 6.2. If π is supersingular with respect to K0, and a quotient of the F̄p[GS]-module
indGS

K0
(σ)

(τσ−λ·Id)(indGS
K0

(σ))
,

then λ = 0.

We also note the following result which follows from using Proposition 3.23 of [1], with the definition above.

Proposition 6.3. Let π be a smooth irreducible F̄p-representation of GS. Then, π is K0-supersingular if and
only if πα is K1-supersingular.

6.2. Some key Lemmas.

Lemma 6.4. Let π be a K0-supersingular representation of GS, and σ a weight of K0. Suppose φ be a non-zero
GS−intertwiner from indGS

K0
(σ) to π. Then, for large enough k ≥ 1, we have φ ◦ τkσ = 0.

Proof. By Proposition 4.14, the right H := H(GS,K0, σ)-submodule φ ◦ H generated by φ is finite dimensional.
So, if we take the image τ̄σ(:= n 7→ n ◦ τσ : φ ◦ H → φ ◦ H) of τσ in EndF̄p

(φ ◦ H), then for the minimal
polynomial m(X) of τ̄σ, we have φ ◦m(τσ) = 0.

Now, suppose m(X) is the polynomial with minimal degree such that φ ◦m(τσ) = 0. Let λ be any root of
m(X) in F̄p, and let m(X) = (X − λ)m′(X). Then φ′ := φ ◦m′(τσ) : indGS

K0
(σ) ↠ π, which induces a surjection

indGS
K0

(σ)

(τσ−λ·id)(indGS
K0

(σ))
↠ π. By Proposition 6.2, we must have λ = 0. Hence, m(X) = Xk for some k ≥ 1. □

Remark 6.5. The proof of the above lemma would have been simpler if π was also admissible (meaning πK is finite
dimensional for every compact open subgroup K of GS). In such case, it suffices to show that the vector space
HomGS(indGS

K0
(σ), π) ∼= HomK0(σ, π) is finite dimensional. For this, one simply shows that HomIS(1)(σ, π) is finite

dimensional. This can be proved by induction on the dimensions of finite dimensional smooth representations of
IS(1). To see this, at first we note that σ has a unique line fixed by IS(1), so we have the short exact sequence

0 → 1IS(1) → σ → σ/1IS(1) → 0
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of IS(1)-representations. Applying, the HomIS(1)(−, π) functor we get

0 → HomIS(1)(σ/1IS(1), π) → HomIS(1)(σ, π) → HomIS(1)(1IS(1), π) ∼= πIS(1).

Since πIS(1) is finite dimensional by admissibility, and HomIS(1)(σ/1IS(1), π) is finite dimensional by induction
hypothesis, we have that HomIS(1)(σ, π), and hence HomK0(σ, π) is finite dimensional as required.

We now prove an immediate corollary of the above Lemma, which is analogous to Corollary 3.3 of [18]. The
proof is inspired by Lemme 2.9 of [13].

Corollary 6.6. Let π be a K0-supersingular representation of GS, and 0 ̸= v ∈ πIS(1). Then, Siv ∈ πIS(1) for
every i ≥ 1, and for some large enough k ≥ 1, we have Skv = 0.

Proof. By Lemma 4.5 it is clear that Siv ∈ πIS(1) for every i ≥ 1.
At first, we assume that IS acts on v by a character χ. If Sv = 0 we are done. So assume Sv ̸= 0. Then,

σ := F̄p[K0] · (Sv) is a non-trivial weight of K0 in π by Lemma 5.6. Then by Frobenius reciprocity, we get a
surjection φ : indGS

K0
(σ) ↠ π that sends [1,Sv] 7→ Sv. As σ is non-trivial the action given by τσ and S is same

(see equation (4.1)), so by Lemma 6.4, we have 0 = φ ◦ τkσ ([1,Sv]) = Sk+1v for some k ≥ 1.
Now, for the general case note that IS/IS(1) is a finite Abelian group of order coprime to p. So by Maschke’s

theorem, for any 0 ̸= v ∈ πIS(1), the IS-subrepresentation F̄p[IS] · v ⊂ πIS(1) is finite dimensional, and hence a
sum of characters. So we write v =

∑
i vi such that IS acts on each vi by some character. Then, by the argument

in the previous paragraph, for each vi we have a ki such that Skivi = 0. We choose k to be the maximum of all
the ki’s. This completes the proof. □

The next Lemma is the analogue of Lemma 3.4 in [18], and the proof is essentially identical.

Lemma 6.7. Let π be a smooth representation of GS and let v ∈ πIS(1) such that Sv = 0. Then we have

w0v = −
∑

λ∈k2
F\{0,0}

(
ϖ2

FA(λ)−1 −1
0 ϖ−2

F A(λ)

)
v ∈ F̄p[BS] · v.

Proof. We have

v = −
∑

λ∈k2
F\{0,0}

α0

(
1 A(λ)
0 1

)
α−1

0 v = −
∑

λ∈k2
F\{0,0}

(
1 A(λ)ϖ−2

F
0 1

)
v.

Then, it follows that

w0v = −
∑

λ∈k2
F\{0,0}

(
0 −1
1 0

)(
1 A(λ)ϖ−2

F
0 1

)
v

= −
∑

λ∈k2
F\{0,0}

(
ϖ2

FA(λ)−1 −1
0 ϖ−2

F A(λ)

)(
1 0

ϖ2
FA(λ)−1 1

)
v

= −
∑

λ∈k2
F\{0,0}

(
ϖ2

FA(λ)−1 −1
0 ϖ−2

F A(λ)

)
v ∈ F̄p[BS] · v.

The last equality follows from the fact that for A(λ) ̸= 0 we have ϖ2
FA(λ)−1 ∈ pF, as the valuation of A(λ) is

either 0 or 1. □

We now prove a sufficient condition under which a smooth irreducible representation of GS when restricted to
BS remains irreducible.

Proposition 6.8. Let π be a smooth irreducible representation of GS, and let 0 ̸= w ∈ π. Then, we have :
πIS(1) ∩ (F̄p[BS] · w) ̸= 0.

Proof. As π is smooth, there exists k ≥ 0 such that w is fixed by ŪS(p2k+1
F ). Then w′ := α−k

0 w is fixed by
ŪS(pF) = α−k

0 ŪS(p2k+1
F )αk0 . Now, the Iwahori decomposition can be written as IS(1) = U(OF) × TS(1 + pF) ×

ŪS(pF) = (IS(1) ∩ BS) × ŪS(pF). So, F̄p[IS(1)] · w′ = F̄p[IS(1) ∩ BS] · w′ has a non-zero vector fixed by IS(1) (a
pro-p group). But obviously F̄p[IS(1) ∩ BS] · w′ ⊂ F̄p[BS] · w, and hence πIS(1) ∩ (F̄p[BS] · w) ̸= 0. □

Proposition 6.9. Let π be a smooth irreducible representation of GS. Suppose that for any 0 ̸= w ∈ π there
exists a non-zero v ∈ πIS(1) ∩ (F̄p[BS] · w) such that Sv = 0. Then, π|BS is an irreducible BS-representation.

Proof. By Lemma 6.7 we have w0v ∈ F̄p[BS] · v. Since GS = BSIS(1) ⊔ BSw0IS(1) (see Lemme 1.7 in [1]), and π
is irreducible, we have π = F̄p[GS] · v = F̄p[BS] · v ⊂ F̄p[BS] · w. In conclusion, we have shown that for every
0 ̸= w ∈ π we have π = F̄p[BS] · w, hence π|BS is an irreducible BS−representation. □



A RESTRICTION PROBLEM FOR MOD-p REPRESENTATIONS OF SL2(F) 17

6.3. Proof of Theorem 1.4.

Theorem 6.10. Let K ∈ {K0,K1}, and let π be a K-supersingular representation of GS. Then π|BS is irreducible.

Proof. We only prove this for K = K0, owing to Proposition 6.3. Let 0 ̸= w ∈ π. By, Proposition 6.8 we can pick a
non-zero vector v ∈ F̄p[BS] ·w which is IS(1)-invariant. Now, let k be the least positive integer such that Skv = 0;
we know such a k exists by Corollary 6.6. But by Lemma 4.5, we have 0 ̸= v′ := Sk−1v ∈ πIS(1) ∩ F̄p[BS] · w;
here note that the transformation S is defined by an element of F̄p[BS]. Therefore, we can apply Proposition 6.9.
This completes the proof. □

We finally prove one of the main theorem of this paper. This proof is inspired by that of Theorem 5.10 of [20].

Theorem 6.11. Let K ∈ {K0,K1}, and let π be a K-supersingular representation of GS. Suppose π′ is a smooth
representation of GS. Then, HomGS(π, π′) ∼= HomBS(π, π′).

Proof. As before, we prove this for K = K0 because of Proposition 6.3. The restriction map is obviously injective.
We take a non-zero φ ∈ HomBS(π, π′). Now, take a non-zero element v ∈ πIS(1). We know, by the argument
used in the proof of Corollary 6.6, that the IS-representation F̄p[IS] · v ⊂ πIS(1) is a finite sum of characters. So,
by replacing v by some non-zero vector in F̄p[IS] · v, on which IS acts by a character, we may assume further
that IS acts on v ∈ πIS(1) by a character χ. It follows that φ(v) ̸= 0, as φ is injective by Theorem 6.10. So, by
smoothness of π′ we have that φ(v) is fixed by ŪS(p1+2k

F ) for some k ≥ 1. We will show that there exists a
non-zero vector v1 ∈ πIS(1) on which IS acts by some character and φ(v1)(̸= 0) is fixed by ŪS(p2k−1

F ).
At first, we consider the case when Sv ̸= 0. Then, we take v1 := Sv ∈ πIS(1), by Lemma 4.5. Then, IS

acts on v1 by the same character χ, by the same argument in the proof of Lemma 5.6. Then, using the same
computations as in the proof of Theorem 5.8, we have that φ(v1) = Sφ(v) is fixed by ŪS(p2k−1

F ), since φ(v) is
fixed by BS ∩ IS(1).

Next, we consider the case when Sv = 0 and S2v ̸= 0. In this case we take v1 := S2v, which lies in πIS(1) by
Lemma 4.5. Then, by our assumption S1w = 0. This means∑

λ∈kF

(
1 [λ]
0 1

)
w−1

0 S2v = 0,

or equivalently,

v1 = S2v = −w0
∑
λ∈k×

F

(
1 [λ]
0 1

)
w−1

0 S2v = −
∑
λ∈k×

F

(
[λ]−1 −1

0 [λ]

)(
1 0

[λ]−1 1

) ∑
µ∈kF

(
1 [µ]ϖF
0 1

)
α−1

0 v

= −
∑
λ∈k×

F

(
[λ]−1 −1

0 [λ]

) ∑
µ∈kF

(
1 [µ]ϖF(1 + [λ]−1[µ]ϖF)−1

0 1

)(
(1 + [λ]−1[µ]ϖF)−1 0

[λ]−1 (1 + [λ]−1[µ]ϖF)

)
α−1

0 v

= −
∑
λ∈k×

F

(
[λ]−1 −1

0 [λ]

) ∑
µ∈kF

(
1 [µ]ϖF(1 + [λ]−1[µ]ϖF)−1

0 1

)
α−1

0 v

= −
∑
λ∈k×

F

(
[λ]−1 −1

0 [λ]

) ∑
µ∈kF

(
1 [µ]ϖF
0 1

)(
1 ∗ϖ2

F
0 1

)
α−1

0 v

= −
∑
λ∈k×

F

(
[λ]−1 −1

0 [λ]

) ∑
µ∈kF

(
1 [µ]ϖF
0 1

)
α−1

0 v

= −
∑
λ∈k×

F

(
1 −[λ]−1

0 1

)(
[λ]−1 0

0 [λ]

) ∑
µ∈kF

(
1 [µ]ϖF
0 1

)
α−1

0 v

= −
∑
λ∈k×

F

χ

(
[λ]−1 0

0 [λ]

)(
1 −[λ]−1

0 1

) ∑
µ∈kF

(
1 [µ]ϖF
0 1

)
α−1

0 v

= −
∑
λ∈k×

F

χ

(
[λ] 0
0 [λ−1]

)(
1 −[λ]
0 1

) ∑
µ∈kF

(
1 [µ]ϖF
0 1

)
α−1

0 v

Here, note that the 5-th and 7-th equalities follow as v ∈ πIS(1), and the 9-th equality follows from the assumption
that IS acts on v by the character χ. Also, ∗ϖ2

F denotes an element of p2
F. Therefore, we have

φ(v1) = −
∑
λ∈k×

F

χ

(
[λ] 0
0 [λ]−1

)(
1 −[λ]
0 1

) ∑
µ∈kF

(
1 [µ]ϖF
0 1

)
α−1

0 φ(v).
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Now, by the almost similar computation used the proof of the Claim in Theorem 5.8, we see that φ(v1) is fixed
by ŪS(p2k−1

F ), as required. Also, note that IS acts on v1 := S2v by a character.
Finally, consider the case when S2v = 0. Consequently, we have∑

µ∈kF

(
1 [µ]ϖF
0 1

)
α−1

0 v = 0.

Therefore, we get

w0v = −
∑
µ∈k×

F

w0

(
1 [µ]ϖ−1

F
0 1

)
v = −

∑
µ∈k×

F

(
[µ]−1ϖF −1

0 [µ]ϖ−1
F

)(
1 0

[µ]−1ϖF 1

)
v

= −
∑
µ∈k×

F

(
[µ]−1ϖF −1

0 [µ]ϖ−1
F

)
v = −

∑
µ∈k×

F

χ

(
[µ−1] 0

0 [µ]

)(
1 −[µ]−1ϖF
0 1

)
α−1

0 v

= −
∑
µ∈k×

F

χ

(
[µ] 0
0 [µ−1]

)(
1 −[µ]ϖF
0 1

)
α−1

0 v,

whence,

φ(w0v) = −
∑
µ∈k×

F

χ

(
[µ] 0
0 [µ−1]

)(
1 −[µ]ϖF
0 1

)
α−1

0 φ(v).

Now, for b ∈ p2k−1
F , as in the proof of Theorem 5.8, we have(

1 0
b 1

)
φ(w0v) = −

∑
µ∈k×

F

χ

(
[µ] 0
0 [µ−1]

)(
1 −[µ]ϖF + ∗ϖ2

F
0 1

)(
(1 + ∗ϖF)−1 0

b 1 + ∗ϖF

)
α−1

0 φ(v)

= −
∑
µ∈k×

F

χ

(
[µ] 0
0 [µ−1]

)(
1 −[µ]ϖF + ∗ϖ2

F
0 1

)
α−1

0 φ(v)

= −
∑
µ∈k×

F

χ

(
[µ] 0
0 [µ−1]

)(
1 −[µ]ϖF
0 1

)
α−1

0 v = φ(w0v).

Then, for any λ ∈ kF, we note that
(

1 [λ]
0 1

)
φ(w0v) is fixed by ŪS(p2k−1

F ). This follows from the fact that

US(pF) and TS(1 + pF) fixes φ(w0v), and from the above computation showing ŪS(p2k−1
F ) fixes φ(w0v). Setting

uλ :=
(

1 [λ]
0 1

)
, we conclude that elements of the set {φ(uλw0v) |λ ∈ kF} are fixed by ŪS(p2k−1

F ).

Now, we consider the situation when S2v = 0 and
∑
λ∈kF

uλw0v ̸= 0. We take v1 :=
∑
λ∈kF

uλw0v. Then, v1
can be shown to be IS(1)-invariant by using Iwahori decomposition and showing that it is fixed by the subgroups
US(OF), TS(1 + pF), and ŪS(pF). Also, φ(v1) =

∑
λ∈kF

φ(uλw0v) is fixed by ŪS(p2k−1
F ). On the other hand,

when S2v = 0 and
∑
λ∈kF

uλw0v = 0, we have

v = w0
∑
λ∈k×

F

(
1 [λ]
0 1

)
w0v =

∑
λ∈k×

F

(
[λ]−1 −1

0 [λ]

)(
1 0

[λ]−1 1

)
w0v

=
∑
λ∈k×

F

(
[λ]−1 −1

0 [λ]

)
w0v =

∑
λ∈k×

F

χ

(
[λ] 0
0 [λ]−1

)(
1 −[λ−1]
0 1

)
w0v

= χ(−I2)
∑
λ∈kF

χ

(
[λ−1] 0

0 [λ]

)(
1 [λ]
0 1

)
w0v.

In conclusion, we have w0v, v ∈ Span{uλw0v |λ ∈ k×
F }. Now, the K0-representation F̄p[K0]·v is spanned by the set

{v, uλw0v |λ ∈ kF}; this follows from the fact that by Bruhat decomposition we have K0 = IS ⊔ISw0IS, and IS acts
on v by a character and IS(1) stabilizes Span{uλw0v |λ ∈ k×

F }. This last fact follows from the same computations
(done multiple times by now), which can be used to show that ŪS(pF) stabilizes Span{uλw0v |λ ∈ k×

F }. Therefore,
as F̄p[K0] · v is a finite dimensional representation, we can choose a weight σ inside it. We take v1 ∈ σ to
be the unique (up to scalar multiple) vector fixed by IS(1), on which IS acts by some character. Hence,
φ(v1) ∈ Span{φ(uλw0v) |λ ∈ k×

F )}, and so the arguments of the previous paragraph show that φ(v1) is fixed by
ŪS(p2k−1

F ). Therefore, we have shown that we can always find some non-zero v1 ∈ πIS(1), on which IS acts by
some character, and such that φ(v1) is fixed by ŪS(p2k−1

F ).
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By repeating this process k many times, we eventually find a non-zero vk ∈ πIS(1), on which IS acts by some
character, and such that φ(vk) is fixed by ŪS(pF). Since, φ(vk) is fixed by BS ∩ IS(1), we conclude that φ(vk) is
fixed by IS(1) = (BS ∩ IS(1)) × ŪS(pF).

We finish the proof by applying Corollary 6.6 to the vector vk. We obtain some m ≥ 1 such that Smvk = 0
and Sm−1vk ̸= 0. Setting v′ := Sm−1vk, we have that v′ is IS(1)-invariant, and hence φ(v′) = Sm−1φ(vk) is also
IS(1)-invariant. Now, by Lemma 6.7 the condition Sv′ = 0 implies

w0v
′ = −

∑
λ∈k2

F\{0,0}

(
ϖ2

FA(λ)−1 −1
0 ϖ−2

F A(λ)

)
v′.

Therefore, as φ is a BS-intertwiner, we get

φ(w0v
′) = −

∑
λ∈k2

F\{0,0}

(
ϖ2

FA(λ)−1 −1
0 ϖ−2

F A(λ)

)
φ(v′).

But, we also have φ(Sv′) = Sφ(v′) = 0, whence, by Lemma 6.7, we have

w0φ(v′) = −
∑

λ∈k2
F\{0,0}

(
ϖ2

FA(λ)−1 −1
0 ϖ−2

F A(λ)

)
φ(v′).

Now, since GS = BSIS(1) ⊔ BSw0IS(1), and also F̄p[GS] · v′ = π, we deduce that φ is a GS−intertwiner. □
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