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ON MODULAR MAXIMAL-CYCLIC BRACES
ARPAN DAS AND ARPAN KANRAR

ABSTRACT. Inspired by a conjecture by Guarnieri and Vendramin concerning the number of braces with a generalized
quaternion adjoint group, many researchers have studied braces whose adjoint group is a non-abelian 2-group with a
cyclic subgroup of index 2. Following this direction, braces with generalized quaternion, dihedral, and semidihedral
adjoint groups have been classified. It was found that the number of such braces stabilizes as the group order
increases. In this paper, we consider the remaining open case of modular maximal-cyclic groups. We show that
these braces possess only one non-cyclic additive group structure, and, in contrast to previous findings, the number
of such braces increases with increasing order.

1. INTRODUCTION

To study non-degenerate involutive set-theoretic solutions to the Yang-Baxter equation, Rump [2I] introduced
the algebraic structure called a brace. Finite braces can be viewed as groups G with an affine structure, which is
a bijective 1-cocycle onto a right G-module. A key invariant of finite involutive solutions is the Involutive Yang-
Bazter group [14}, 9], which is itself a brace. Brace theory has been used to study several key properties of involutive
solutions, including decomposability, multi-permutation, and simplicity [14] [19} [8, 24} [6]. Moreover, braces arise in
the theory of regular affine groups [5], (10, [7], Hopf-Galois structures [IJ, [I5] [IT], and various other related topics.

The non-abelian groups of order 2™ (n > 5) with a cyclic subgroup of index 2 are of four types [17, 25], namely
the dihedral group Dsn, the generalized quaternion group (sn, the semidihedral group SDsn, and the modular
maximal-cyclic group Man given by the presentations

Dan = {a,b | aZW1 =b?=1, bab t=at)

Qo = (a,b | a®* =1, 0% = a¥ ", bab~! = at)
SDon = {a,b | a2" T=p2=1, bab =02
Mon = (a,b | a® =02 =1, bab~' = a2 ).

Definition 1.1. A set A equipped with two group structures o and + is said to be a right brace if
(1) (A,+) is an abelian group;
(2) the relation (b+c¢)oa+a=boa+ coa holds for all a,b,c € A.

The group (A4, o) is called the adjoint group of the brace A. For convenience, we will often omit the word ‘right’,
referring to ‘right braces’ simply as ‘braces’.

In a foundational work, Guarnieri and Vendramin [I6] extended the concept of braces to skew braces by relaxing
the commutative property of the additive group. Their paper included computational results for counting braces and
skew braces of small order, which led them to propose a conjecture about the number of braces with a generalized
quaternion adjoint group of order 4m. This conjecture was subsequently proven by Rump [23] for braces of 2-power
size and later in full generality by Byott and Ferri [4]. The latter also classified 2-power dihedral braces.

These findings have inspired a new line of research focused on classifying braces whose adjoint group is a non-
abelian 2-group containing a cyclic subgroup of index 2. As part of this effort, semidihedral braces were recently
classified in [20]. It’s interesting to note that for dihedral (Dsn), generalized quaternion (Qa-), and semidihedral
(SDa2n) adjoint groups, the number of corresponding braces stabilizes as the order increases. Furthermore, conjec-
tures regarding the number of braces of orders 8p and 12p for large primes p, based on extensive computations by
Bardakov, Neshchadim, and Yadav [2], have been recently confirmed by Crespo, Gil-Muftioz, Rio, and Vela [13] [12].

In this paper, we address the final remaining case: braces where the adjoint group is a modular maximal-cyclic
group. Utilizing the methods developed in [13] DZL 201 231, 4], we demonstrate that these braces have only one possible
non-cyclic additive group structure (Theorem [5.4). We then construct all possible brace structures (Theorem
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and show that their number increases with increasing order (Corollary, a surprising contrast to the stabilization
observed in the other cases.

2. BASICS ON BRACES

In this section, we provide basic definitions and results on braces, and introduce notations used throughout the

paper.
For a brace A, set

a*:=aob—b and o(a)(b):= b
for a, b € A. Tt turns out that o(a) € Aut(A4,+) for all a € A, and the relation (a + b)¢ = a® + b° holds in A.
Remark 2.1. For a brace (A, +, o), the identity element of both the groups is the same and the inverse of an element
a wr.t. ois —o(a)(a).
There are two other equivalent ways of thinking about right braces that are relevant to this article.

Remark 2.2. Given a right brace (A, +, o) we define the map
p:(A50) = Aut(4,+)
by
a pgi=[b— b =0(a)"t

This makes p an anti-homomorphism of groups since

pach(c) = ™ = ()" = po(palc))
for all a,b,c € A. One can check that the condition a**¢ = (a”)¢ is equivalent to ao (boc) = (aob)oc. Consequently,
we have a right linear group action (A, +) v (A4, o) defined as
axb:= py(a) for all a,b € A.

Now recall that for a right linear action of a group G on an Abelian group (A,+) a map f: G — A is called a

right 1-cocyle if
f(gh) = f(g) * h+ f(h) for all g,h € G.
So given a right brace (A, +,0) we can easily check that the identity map 14 : (A,0) — (A, +) is a bijective right
1-cocycle. Conversely, given a group (H, o) acting linearly on the right of an abelian group (4, +), and a bijective
right 1-cocycle m : H — A (i.e. satisfying w(g o h) = w(g) * h + w(h) for all g,h € H) we can define an addition on
H by
g+ h:=7n"Yn(g) +n(h)) for all g,h € H.

Then we can check that (H,+,0) is a right brace. Therefore right braces correspond to bijective right 1-cocycles.

Another way to view right braces are as regular subgroups of holomorph groups. Recall that for a group G we
define the holomorph of G to be

Hol(G) := G x Aut(G).
Then a regular subgroup of Hol(G) is defined to be a subgroup of the form

{(g,¢(g)) € Hol(G) | g € G}

for some set function ¢ : G — Aut(G). Now given an abelian group (A4, +) let
B(A) :=={(A,+,0) | (4,+,0) is a right brace}
and let
S(A) :={G | G is a regular subgroup of Hol(A,+)}.
Then the map
(A, +,0) = {(a, pa) € Hol(A, +) | a € A}] : B(A) — S(4)
is a bijection. Hence, right braces can be viewed as regular subgroups of holomorphs of abelian groups.
Definition 2.3. For a right brace A, a subgroup I of the additive group (A, +) is called a right ideal, if it is stable

under the action p, that is, p,(x) € I for all a € A, = € I. It turns out that a right ideal is also a subgroup of the
adjoint group. A right ideal is said to be an ideal if it is a normal subgroup of (A4, o).
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Definition 2.4. Two braces (Ay,+1,,01) and (Asg, +2,,02) are said to be isomorphic if there is a bijective map
f: A1 — A satisfying

fl@+1y) = f(z) +2 f(y)
f(xory) = f(z)o2 fly)
for all x,y € A;.
Given a right brace (4, +, o) we define its socle to be ker p, that is,
Soc(A):={ac A|b*=bforallbe A} ={a€ A|o(a) =14}
In [21], it is proved that Soc(A) is an ideal of the brace A.

3. THE ADDITIVE STRUCTURES OF MODULAR MAXIMAL-CYCLIC BRACES

A modular mazimal-cyclic (MMC) brace is defined as a brace A whose adjoint group is isomorphic to Mym+2 for
some integer m. In this section, we obtain that the socle of a modular maximal-cyclic brace A of size 272 (m > 3)
is non-trivial, and we determine the possible additive structures of the brace A.

We recall the presentation of Mym+2 (m > 3) given in the Introduction section

m+1 _ m
= =1, bab ! =a' ).

(3.1) Mom+2 = {(a,b | a
We first classify all normal subgroups of a modular-maximal cyclic group.

Proposition 3.1. Let Mym+2 be modular mazimal-cyclic group with presentation (3.1) and H be a non-trivial
proper subgroup of Mym+2. Then, H is one of the following forms (1 < s < m)

o HC(a);
o H=(b);
o H = (ba);
o H= (ba®);
o H=(ba).

Moreover every non-trivial subgroup except (ba®") and (b) is normal and contains (a®" ).
Proof. When we say ba™ € Maym+2> we mean 0 < n < 2% — 1. For odd i, we have
(3.2) (ba'y = {1,ba,ba®, ... ,ba2m+1717 a? at,. .. ,a2m+172}

and for even i, (ba')? = a*. Thus every non-trivial subgroup of Mom+2 except (ba®") and (b) and contains (a®").
Observe that a*(ba")a™" = (ba")(a®")" and ba’(ba")(ba’)~" = (ba")(a®")"~*. Thus all the mentioned subgroups
except those two are normal.

Now let H be a non-trivial proper subgroup which is neither of the first three forms. We first do some reductions.
At first, note that if ba® € H then i is even, since otherwise for odd i we have H = (ba’) = (ba) or H = Mym+2 as
(ba) has index two. Again, since H # (b) we know that there is some minimal positive even iy for which ba’ € H.
We write this o in the form 2"¢ with r > 1 and ¢ odd. Then ba2" 97 € H for all odd ¢’. We can choose ¢’ such that
q¢’ = 1mod 2™+, Therefore, iy = 2" with 7 > 1 minimal. In fact, by this argument we have also proved that if
ba%9 € H (with ¢ odd), then ba? € H and so [ > r. Now the following claim settles the proposition.

Claim. Let H # 1, Mym+2, (b), (ba) and not a subgroup of (a), and let > 1 be minimal such that ba?>" € H. We
have :
e If ba’ € H implies j = 2"q with ¢ odd, then H = (ba?").
e If ba’ € H for some j = 2 with [ > r and ¢ odd, then b € H. Further, if " € H with s > 0 minimal,
then we have s > 1 and H = (b,a*").

Proof of Claim : For the first item, it is enough to show H N {(a) = <a2r+1>. Otherwise if a2 € H for k < r+ 1
then ba2" @ "+D € H. So if k < r, then by the same argument in the previous paragraph, we conclude ba?" € H,
contradicting minimality of r. Hence k = r, but then b2 € H , which again contradicts the hypothesis that
ba’ € H implies j = 2"q with ¢ odd.

Next, suppose ba’ € H for some j = 2'q with | > r and ¢ odd. At first, note that odd powers of a can not be
in H. Since otherwise ba? a®dd = ba?"+°dd ¢ H, and so H = (ba) or Mym+> which is avoided in our hypothesis.
So we assume a2’ € H with s minimal. Then s > 0. Now since ba?" € H we have a® = (ba*")? € H and so
a? € (a®"") C H. Also ba?'? € H (with q odd) implies ba®> € H and so b € H. Hence (b,a?’) C H. Now suppose
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ba? € H with [ > r. Then bba? = a2 € H, and my minimality of s we have [ > s. Hence a® € (a®’) C (b,a®’)
and so ba? € (b,a®"). Therefore, H = (b,a*"). O

The proof of the proposition is now complete. O
Corollary 3.2. Let A be a MMC brace of size 2™%2 for m > 3, where (A,0) is given by the presentation (3.1)),
then {1,a%"} C Soc(A).

Proof. Suppose Soc(A) is trivial. Then the adjoint group A, embeds in Aut(A,+). This provides an automorphism
of order 2m*1 which is impossible by [3]. Hence Soc(A) is a non-trivial normal subgroup of (A, o). Now we show
that every normal subgroup H of (4, o) contains {1, an}. The required result follows from Proposition O

The proof of the following result goes along the same lines as the proof of [4, Theorem 3.4].

Proposition 3.3. Let A be a MMC brace of size 2™ 2 for m > 2. Then the additive group (A, +) must be one of
the following groups:

Z/2m+2;

Z)2 x Z.)2mH1L;

Z/4 x 7)2™;

7)2 x )2 x Z,/2™;

Z)2 xZ]2 X Z]2 x Z.)]2m L.

Proof. By Remark we can assume (A, o) be a regular subgroup of Hol(A). So Hol(A4) contains an element of
order 2™*+1. Let rank and exponent of (A, +) be 7 and 2¢ respectively. Then by [4, Lemma 2.6],

m+ 1< [logy(r+1)] + d.
Since A4 has a cyclic factor H of order 2¢, we have r — 1 < rank of Ay /H < m + 2 — d. Thus
r—1<m+1-d+1< [logy(r+1)]+1.

Hence r < 4. Therefore, if r =2 thenm+2—-d=1or2;ifr=3then m+2—-d=2;if r=4then m+2—d=3.
This gives the listed possible group structures of (4, +). O

4. ON AUTOMORPHISMS OF SOME ABELIAN 2-GROUPS

In this section we recall how to think of elements of Aut(NN), for an abelian p-group N, in terms of matrices
having modular entries. We start by taking p to be any prime while recalling the general results and then eventually
specialize to the case p = 2. We also write a cyclic group of order ¢ additively as Z/¢ .

So let p be any prime and let N be an abelian p-group of the form Z/p® x --- x Z/p°" where ey < --- < e, are
positive integers. We define

Ry, = {(aij)1<ij<n € Z™™ | p®~ % divides ay; for alli > j} .

Noting that any matrix in R, can be written as PBP~! for some B € Z"*" and P = diag(p®,...,p°"), we easily
conclude that, under usual matrix multiplication and addition R, forms a ring.

Next we take m; : Z — Z/p® to be the canonical projection and 7 : Z" — N as (x1,...,2n)T = (m1(21),. .., Tn(zn))T.
Now we define the map

Y:R, - End(N), Uw~¢(B):=[n(x1,...,2,)7 =7 (B(z1,...,2,)7)].
By [18, Theorem 3.3] the map 1 is a surjective ring homomorphism. Moreover, by Lemma 3.4 (op. cit.) we have
Ker(¥) = {(a;j) € R, | p© dividesa,; for all ¢,5} .
Finally, by Theorem 3.6 (ibid.) we have for B € R,
Y(B) € Aut(N) <= B(modp) € GL,(F,).
Hence, we identify End(N) with R := R,/Ker(¢)) and also it is easy to see that R* can be identified with
{(as;) | aij € Z/p% for all i, j; p*~a;; for all i > j; (as;)(modp) € GL, (F,)} .

Thus we can view elements of Aut(N) as the above type of matrices. Note that one can directly check that under
usual matrix multiplication of the coset representatives, the above set forms a ring : more precisely, if (a;;) and
(bi;) are two such matrices with modular entries as above, then one can treat a;; and b;; simply as integers and
then compute the ij-th entry of the product as ), a;br;j(modp®). See also [4, Section 2].
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Let N be an abelian p-group as in the previous paragraphs. Now note that we can present any element of
Hol(N) = N x Aut(N) by a matrix of the form
B v
0 1

where B is the matrix presentation of an element of Aut(N) and v € N, written as a column vector. Note that this
way of presenting the elements of Hol(N) reflects the multiplication law : (n1, 1) % (n2, v2) = (n1p1(n2), P12).

Notation 4.1. We will use capital letters to emphasize the matrix presentation while writing the elements of Mym+2
when we treat this as a subgroup of Hol(V) for some abelian p-group.

From this point, we take p = 2. We have the following proposition analogous to [4, Section 4].
Proposition 4.2. Let N =7Z/2°* X --- X Z/2°» with1 < ey <---<e, andey +---+e, =m+2, let
Moz = <X, VX" —y2=1, YXY = X1+2"‘>

be a regular subgroup of Hol(N). We write

Then we have the following relations

$T =1, (1)
(4.1) =1, (2
TS =ST. (3)

Proof. Let the brace corresponding the given regular subgroup be A (Remark , and we assume (A4, o) has the
presentation (3.1). Thus p, = S and p, = T, which gives S§2"" =72 = [ and TST = S'*2". From Corollary
we have S2" = I. This induces the required relations. O

Now we turn to the special types of Abelian 2-groups obtained in Proposition [3:3] We have the following propo-
sition, the results of which can be proved by other means as well which do not depend on the matrix presentations.

Proposition 4.3. Let m > 2 and N be one of the abelian 2-groups obtained in Proposition[3.3 We have :
(a). If N =27Z/2m%2 then |Aut(N)| = 2m+1.
(b). If N=7/2xZ/2™F then |Aut(N)| = 2m+2.

2mtd form > 2

22%x3 ,form=2"

If N =27/2xZ/2x Z]2™, then |Aut(N)| = 2™+ x 3.

)
(¢). If N=Z/4x7Z/2™, then |Aut(N)| = {
(d).

(@ 2T 3 x T  form >2

20x32x5x7 ,form=2"

Moreover, in each of the above cases, the matrices in Aut(N) that reduce mod 2 to upper unipotents form a Sylow
2-subgroup.

e). IfN=7/2x7Z/2xZ/2xZ/2™ 1, then |Aut(N)| = {

Proof. Ttem (a) is well known, so we prove the Proposition for items (b)-(e).
For N =7Z/2 x Z/2™*! we have

Aut(N) ~{< R >
{( 2’1% Z)

Hence |Aut(N)| = 2"+2 and clearly every element of Aut(NN) reduces to an upper unipotent mod 2.
For N =7/4 x Z/2™ we first note that

Aut(N) ~ {( ey 2 )

a,b € Z/2; ¢,d € Z)2™ 1 ad = 1(mod2)}

beZ/2,2mce{0,2™}, d e (Z/2m“)x} :

a,beZ/4; c,d € Z/2™; ad — 2™ %bc = 1(mod 2)} )




ON MODULAR MAXIMAL-CYCLIC BRACES 6

So we consider at first the case m = 2. In this case Aut(N) ~ GL2(Z/4). Its order is the number of solutions of
the modular equation

ad — be = 1(mod 2)
for a,b,c,d € Z/4. This means either ad is odd and bc is even or vice versa. For odd ad there are 4 possibilities for
a,d € Z/4. By same argument there are 16 — 4 = 12 possibilities for even be. Hence there are 2 x 48 = 96 solutions.

Therefore |Aut(Z/4 x Z/4)| = 25 x 3. In this subcase, matrices ( Z which reduce to upper unipotents are

b

d

given by the constraints : a,d=1or3, c¢=0o0r2, and b& Z/4. This has clearly 2° many possibilities.
Next consider the case N = Z/4 x Z/2™ for m > 2. We have

Aut(N) ~ {( g2, 2 )
:{( 2"&20 Z )

Hence |Aut(N)| = 2™+, and every matrix reduces to an upper unipotent.
For N =7/2 x 7Z/2 x Z/2™ we have

a,beZ/4; c,d € Z/2™; ad = 1(m0d2)}

a=1lor3, beZ/4 2" %cec {0,2m722m" 1 3 x 2™ ?} mod 2™; d € (Z/2m)X} :

a b c
Aut(N) ~ T s t a,b,e,r,8,t € Z/2; x,y,z € Z/2™; and z(as — br) = 1(mod 2)
2m711, 2m71y 2
a b c b
= T s t c,t €Z)/2; x,y € {0,1}; z € (Z/2™)*; and ( “ > € GLy(Z/2)
am—ly om=ly ros

Therefore, |[Aut(N)| = 2™+ x 3. And matrices that reduce to upper unipotents are given by the following constraints
ca=s=1, z€(Z/2™)*, r=0, by teZ/2, anduz,ye {0,1}. These constraints account for 2™+* many
possibilities.

Finally consider the case when N = Z/2 x Z/2 x Z/2 x 7Z./2™~1. Here we have

a b c d
¢ / 9 e Aw()
D q r S
2m=2p 9m=2y 2M—2y
if and only if
a7b7c7d7e7f7gﬂh7p7q7r7s62/27
t,u,v € {0,1},w € Z/2m1,
a b c d
h
¢ ! g = 1(mod 2).
D q r s
2m=2E 9m=2y M2y w

Here again we consider first the case when m = 2. Then clearly Aut(N) ~ GL4(Z/2) so that [Aut(N)| = 26 x 3% x
5 x 7. The matrices that reduce to upper unipotents are given by the constraints : a = f=r=w=1, e=p=
gq=t=u=v=0, andb,c,d,g,h,s € Z/2. These have 26 many solutions.

Next we consider the situation when m > 2. Then the condition

a b c
wx || e f g | =1(mod2)
p q r
a b c
is equivalent to w € (Z/2m )% and | e f g | € GL3(Z/2),which account for 2! x 3 x 7 many choices. For
b q T

each of these choices the constraints d, h, s € Z/2 and t,u,v € {0, 1} have 2% many solutions. Putting these together
we have

|Aut(N)| =27 x 3 x 7.
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Finally, the matrices that reduce mod 2 to upper unipotents are given by the following constraints
a=f=r=1,
w € (Z/2m7)%,
e=p=q=0,
t,u,v € {0,1},
b,c,d,g,h,s € Z/2,

having 2™ 2 x 23 x 26 = 2™%7 many solutions as expected.
The proof of the proposition is now complete. O

5. WHEN THE ADDITIVE GROUP IS NOT Z/2 x Z/2™*!

In this section, we filter the additive structures of a modular maximal-cyclic brace. We show that the only
possible additive structure of non-cyclic MMC brace is Z/2 x Z /2™,
The possibility of cyclic structure follows from the following result proved in [22] Section 7, Theorem 3].

Proposition 5.1. There is a unique cyclic brace of size 2™12 (m > 3) with MMC adjoint group.

Byott and Ferri [4 Section 7] proved that the holomorph group Hol(Z/4 x Z/2™) contains no quaternion or
dihedral regular subgroups for m > 3. Their technique, however, yields a slightly more general result.

Proposition 5.2. Let G be a group of size 22 (m > 3) contains an element of order 2™+'. Then G can not be
a regular subgroup of Hol(Z/4 x Z./2™).

Proof. Suppose G is a regular subgroup of Hol(Z/4 x Z/2™) of size 2™*2. By the arguments of [4, Section 7],
there is a homomorphism f : G — Hol(Z/4 x Z/8) such that |%\ > 25, To the contrary, suppose there is an

element = € G such that o(z) = 2™*!. Let o(xker f) = 2", and consider the subgroup H = (z?") of ker f. Since
|G/H| = 2"t > 25 we obtain r > 4. Thus G/ker f contains an element of order 16, which is not possible by [4}
Lemma 7.1]. O

Corollary 5.3. There is no regular subgroup of type Mom+2 in Hol(Z/4 x Z/2™) for m > 3.
The following example confirms the existence of regular subgroups of type Mym+2 in Hol(Z/2 x Z/2m+1).

Example. Consider the groups A = Mym+2 and N = Z/2 x Z/2™*! for m > 3. From remark it is enough to
provide a bijective map v : A — N and a right action p : A — Aut(/N) such that with respect to p, v becomes a
bijective right 1-cocycle. Consider (with respect to the presentation (3.1)) of A)

p=(p ) o= (5 4 ym):
~(a) = (0> L y(bal) = C) for 0 <i<2mtl_1.

One can easily verify (see also Proposition [6.1]) that v becomes a bijective right 1-cocycle with respect to the p.

We now prove the main result of this section following [4], Section 8 and 9] only making necessary changes suited
to our case.

Theorem 5.4. The additive structure of a non-cyclic MMC brace of size 2™%2 for m > 3 is Z/2 x Z/2™+L.

Proof. It now remains to be shown, by the above Corollary and Proposition that there is no regular subgroup
of type Mym+2 in Hol(N) if N =Z/2 x Z/2 x Z)2™ or N = Z/2 x )2 x Z.]2 x /2™~ for m > 3.
At first, we let N = Z/2x7Z/2x7/2™. To the contrary suppose Mam+2 = <X, Y|X2m+1 =1=Y? YXY = X2m+1>
be a regular subgroup of Hol(IV). Write X as
S v
0 1

for some S in Aut(N) and v € N (written as a column). By Propositionwe know that S lies in a Sylow 2-subgroup

¢ 0 ) € Hol(N)) we

of Aut(NN). By conjugating A with some C in Aut(N) (and then conjugating Mom+2 by ( 0 1
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can assume that S(mod 2) is upper unipotent (see Proposition [4.3). So we can write

1 a b v

_ 0 1 c Uy
X = om—lg 2m—le o g4
0 0 0 1

where a,b,c € Z/2 , d,e € Z/2™ |, o € (Z/2™)* , v1,v2 € Z/2, and v € Z/2™. Now we compute the powers of X
by first multiplying the matrices treating the entries as integers and then we reduce the first two rows mod 2 and
the third mod 2™. We obtain

1 0 ac avy + bus
X2 B 0 1 0 CU3
1 0 2m7tad 2m7l(bd +ce) + @ 2™ vy + 2™ tevy + (14 a)vs
0 0 0 1

Again repeating the same strategy, we get

1 0 0 0
ya_ [0 10 0
0 0 o 2™ lacdvs + (1+ a)(1+ a?)vs
0 0 O 1
Now since a € (Z/2™)* so « is represented by an odd integer, and hence a* = 1(mod4). Also m > 2 and

(14 a)(1 + a?) is divisible by 4. Hence treating X* as a matrix with integer entries we have
X* = I(mod 4).
We claim that X satisfies
X% = I(mod 2°), for all £ > 2.

This can be shown easily by an induction argument, which we omit. Therefore we have shown that X2 = I in
Hol(N) since m > 2, which contradicts the fact that order of X is 271,

Next, we let N = Z/2x Z/2 x Z/2 x Z/2™~1. As in the previous case, we proceed by contradiction. We suppose
Mym+2 is a regular subgroup of Hol(XN). Then we can write

1 a b c v

0 1 d e g

X = 0 0 1 f vs
2m=2g 2m=2p 2M=2i o gy

0 0 0 0 1

Then we compute X? by treating integer entries and next reduce the first three rows mod 2 and the fourth row
mod 2™~

1 0 ad ae+bf avy + bug + cus
0 1 0 df dvs + evy
X2=10 0 1 0 fua
0 2™ 2ga 2™ 2(gb+hd) o?+2"%(gc+he+if) (14 a)vs+ 2™ 2(gvr + hva + ivs)
0 0 0 0 1

Squaring and reducing again we get

1 00 0 adfvy
010 0 0
Xt=10 0 1 0 0
0 0 0 a*+2m2gadf (1+a)(1+a?)vy+2m"2¢
0 0 0 0 1
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for some integer ¢. Now when m = 3 we compute

1 00 0 2adfvy
01 0 0 0

X*=|0 0 1 0 0
0 0 0 o®+4agadf (a*+2gadf +1)((1+ a)(1+ a?)vy+ 20)
0 00 0 1
1 0 0 0 O
01 0 00

=] 0 0 1 0 O (reducing the first row mod 2, fourth row mod 4)

000 10
0 00 01

where we observe that in the last equality we have used the fact that « is odd and so a* = 1(mod 4) and (1+«)(1+
a?) = 0(mod 4). Hence when m = 3 we have X® = I in Hol(N) which contradicts that X € M3 has order 16. But
when m > 4 we have X® = I(mod4) and as in the first case an induction argument gives X2 = 1(mod 2F~1) for
every integer k > 3. This implies X2 = I in Hol(N) which contradicts that X has order 2™*1. This completes
the proof. O

6. WHEN THE ADDITIVE GROUP IS Z/2 x Z/2™*1

In the previous section, we showed that the possible non-cyclic additive structure of an MMC brace is Z/2 x
Z/2m+1. We first give a criteria to test for the existence of MMC braces.

Proposition 6.1. Let (A4,0) be a group with a presentation and T,S € Aut(Z/2 x 7./2™+) such that S*" =
T? =1 and TST = S. Further assume v : (A, 0) — Z/2 x /2™ be a bijective map such that v(1) = 0 and
satisfies the following for all i,j, k

(6.1) V(@) = §7(a’) +~(a?)
(6.2) y(ba') = 5'(b) +~(a’)
(6.3) v(a’b) = Ty(a") + y(b)
(6.4) T (b) = —7(b)

(65) @) = ()

Then

p: (A 0) = Aut(Z/2 x Z/2™T1), pla) =S8, p(b):=T
defines a right action of (A,0) on Z/2 x Z/2™*, and with respect to this action vy becomes bijective 1-cocyle, that
is for all x,y € A, y(zy) = p(y)(v(2)) +(y)-

Proof. We have (S~1)2"" = (T=1)2 = T and T-1S~1T~! = (§~1)2"+1, thus p~! (where p~!(z) := p(x)~!) defines
an left action. This yields that p is a right action. Clearly for any automorphism U € Aut(Z/2 x Z/2™*1), we have

(6.6) Ury(a®"%) = ~(a®™).
Using Egs. —, and presentation , we get,
Y((ba')(ba?)) = 7(a*"HHT) = S iy (@) +4(a®")
= (@) +~(a®"),
SIT~(ba') + y(ba?) = ST T~(a®" b)) + ~(ba’)
= SIT(T(S*" "(a i) +9(a*")) + (b)) + y(ba’)
= §7y(a’) + §7(a*") = §73(b) + 57y(b) + v(a’)
= §9y(a’) + 7(a?) +7(a®") = v(a"H) + 7(a*").
Using the similar arguments, one can show
A((ba) (@) = S7(ba’) +(ad)
A((a*)(ba?)) = ST (a') +(bad).
Hence we have obtained y(zy) = p(y)y(z) + v(y) for all z,y € A. O
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We now shift our focus to counting the number of MMC braces of a fixed size. While the adjoint group of a
brace can be viewed as a regular subgroup in the holomorph of its additive group, the representation of an element
x € (A4,0) as a matrix containing p(z) and 7y(z) introduces computational complexities (see Remark Section
3). To remove these difficulties, we consider the components of these matrices separately; in other words, we adopt
the approach of viewing braces as bijective 1-cocycles, a method previously utilized in [20], 23].

We consider (A, o) to be the group with presentation We denote the bijective 1-cocycle by v : (A,0) —
7)2 x Z,/2™+1 and by the proof of the Proposition the right action p of the generators a and b can be written
by the invertible matrices

(6.7) pla) =a(a) ' =8 := (Qix ) 522) ;o pb)=o() T =T = (2,}% X +v2w)

with z,y,u,v € Z/2 and z,w € Z/2™.
At first we write down some technical lemmas.

Lemma 6.2. Let k > 1 and 8 := 1+ 2z, then we have :

1 0 )
0 54k> if n =4k
1 Y .
omg ikt ifn=4k+1
(6.8) St = ) 0
0 2may+ ﬁ4k+2> Stz
1 Y ‘
QMg My + /@41@—&-3) ifn =4k +3.
Proof. This is direct computation. O

Lemma 6.3. Let k be an integer, then there are integers ki, ko such that for m > 2,
Ak +1)" P (@ + 1) 2 (k) F L =2y 2™
(4k+3)" "1 4 (4 +3)7" 2 4 F Ak +3) + 1 = 2™ Ky,
In particular, let B € (Z/2™T1)* with m > 2, and x = B2" ' + .- + 4+ 1. Then we have :
e {zm mod 21 if B =1 mod 4,
|0 mod 27*!  if B =3 mod 4.
Proof. This result follows from an easy induction on m, and the fact that for all m > 1

BT b+ 1= (148 )BT T+ B ),

Lemma 6.4. Let f =4k + 1 for some k > 0, then
B+ +B+1)Z0 ( mod 2™ ")

whenever 1 <n < 2™+t — 2 gndn #A2™—1, 2m L —1, 2m 4 2m= 1 1. Andif1<n<2m* —2 andn #2™m -1,
then
B"+--+6+1)£0 ( mod2™).

Proof. Let o(B) = 2" in (Z/2™F 1), If (8" +---+ B+ 1) Z0 ( mod 2™~ 1), then the relation
B =D =B-DB"+ - +B+1),
gives 871 =1, that is n = 2"s — 1 for some s. Now
Bt A BH1 =TT g 1 B

— YD (BY L L B2 )y 2D g2 D=2
S (BT BT ) L BT 1) gDl g2 D2
(BN BT R B4 1)
= 52" 4+ 27) by Lemma
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Let s = 2'q, where ¢ is odd. Thus we obtain
(69) 27‘++l+1qu 4 2T+lq — 2m_1k”,

since 2 < 2"tlg < 2m+1 — 1 modulo 2"+ of (6.9) implies n = 2™ 1y — 1 for some u, which is not possible.
When (8™ + -+ 8 +1) # 0 ( mod 2™), the Eq. (6.9) can be replaced by

27’++l+1k/q + 2T+lq — 2mk//,
and modulo 2"+ implies 7 4+ [ = m, then n = 2™ — 1 which is not possible. O
We first strengthen Corollary [3.2]in the proposition below.

Proposition 6.5. Let A be a non-cyclic MMC brace of size 22, where m > 3. Then a?" e Soc(A).

Proof. This follows from the relation (1 + 22)2m_1 = 1in (Z/2™*1)*, and using Eq one can see that §2" ' =1
when m > 3. O

Now we carry out some reductions. From the relations T? = I, TST = S, we get
(6.10) dw(w +1) =2"uv
(6.11) 4wl +w)(1+ 22) = 2™ (uv + uy + xv),
in Z/2™*1. The above two equation gives

(6.12) xv =yu in Z/2.

We assume y(a) = (2) and (b) = (g) . Thus the relation v(b?) = 0 gives

(6.13) vs=0 inZ/2
(6.14) 25(1 + w) = 2Mur in Z/2"+L,
Note that
For k > 2, ~(a?) = ( o 2 > and 7(a®") = < ok _1 0 > ,since v(a2") # 0 and y(a2" ") =
B 2Mxp+ B +q (B4 + B+ 1)
1, thus
m o 0
(6.15) (ﬂz *1+...+ﬁ+1)q:2m, ,Y(a2 ) = <2m> )

1

From the relation bab = a2 !, we obtain

y(bab) = ~v(a®" 1)
Try(ba) +~(b) = $*"y(a) ++(a>")
TSy(b) + Ty(a) +~(b) = y(a) + y(a®"),
this yields

(6.16) vg+s(y+v)=0 inZ/2
(6.17) 2" (xr +ur +zvs+up+1)+qg=afs+aq+s.
Using , Eq. reduces to

(6.18) 2" (xr +axvs +up+ 1) = 2(wq — sz).

From Lemma’g‘ and Eq. (6.15]), we obtain z is even and ¢ is odd. Therefore, we can assume v(a) = <0) . The
Eqgs.(6.15), (6.16) and (6.18) reduce to

(6.19) (B4 BH1) =2 inz/2m!

(6.20) v+s(y+v)=0 inZ/2

(6.21) 2™ (xr 4 zvs + 1) = 2w — 2zs in Z/2™
Modulo 4 of Eq. gives w is even. Hence Eqs and reduce to

(6.22) dw = 2" uv

(6.23) 2s = 2™ur.
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r

s+ 2m), thus using the transfor-

Now 4s = 0 implies s € {0,2™~1,2™ 2™ 4 2m~11 and observe that v(ba?") = (

mation (a,b) — (a,ba®"), we can further assume
(6.24) s € {0,2m 1.

Since z is even, (6.20) and (6.21]) turn into

(6.25) v=0 inZ/2
(6.26) 2™ (zr +1) = 2w in Z/2™ 1.

Theorem 6.6. Let A be a non-cyclic MMC brace of size 272, where m > 3. Then the brace structure is either of
the form

(1 y _ (1 0 )
S‘(zmx 1+22)’ T—(o 1+2m(1+x)>’

or

1 0 1 0
S‘(zmx 1+2z>’ T_<2m 1+2m(1+x))’

= (7). 1) = (1)

where z € /2™ is even and z,y € Z/2. Conversely these two forms define brace structures on the group (A,o) of
presentation (3.1)). Moreover, these two types of braces are non-isomorphic.

Proof. From the various relations (above Proposition , we obtain that z is even and ~v(a) can be assumed <(1)

Furthermore, from Eq. (6.24)), we have s € {0,2™~!}. The relations (6.26)), , and (6.23)), yield the first form

when s = 0, and the second form when s = 2™~!. The first part is complete.

Notice that 8 = 1+ 2z € (Z/2™+1)* and |(Z/2™+1)*| = 2™, therefore 2" = 1. Since m > 2, from Eq.(6.§), we
obtain $?” = I. Thus Eq. (6.26) implies 7% = 1 and T-'S~'T~! = S, therefore from Proposition

ar S, b—T,

define a right action of (A, o) on Z/2 x Z/2™+1.
We consider the first form. Using Eq. (6.8), the relations (6.1)) and (6.2), we obtain, for k& > 0:

’Y(a4k+4) = <54k+3_,(_) + 1> ) ’Y(GMH) = <54k +(_). + 1> )

(6.27) v(a**?) = <B4k+l E o 1) ' (@) = (2mxy + B4ky+2 +F 1)
106 = (s oy g) A= (g gty )
~(ba*h+?) = <ﬁ4k+ly_:- 1 . 1) o y(ba™ ) = <2mx(1 ) j{:gi:-‘ﬂ T 1)

Clearly in this case, we have relation (6.4), and since z is even, by Lemma the ~ satisfies (6.5)), this implies
~v(1) = 0. Now we will verify (6.3)), it is clearly true for i = 0. For i = 4k + 1, k > 0, using the relations (6.27]),
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Lemma, and the fact 2" = 1, we have
i - 1

i m 1
f}/(a/ b) = ’7(ba2 +4k+1) = <2m.’f + B2m+4/€ 4+ .. 4 1)

1
- <2mx+52’"(64k+---+1)+52”—1+---+1>

- <2mx+ﬁ4k+1~--+1+2m>?

Similarly, we can obtain y(a‘b) = Tvy(a’) + ~(b), by considering i = 4k + 2 and i = 4k + 3. Thus by Proposition
we are only left with showing + is a bijection. Suppose for some 1 < j <4 < 2™*! — 2 and u, we have

BB 1 =2 B 44 1,
then fi9+1 4 47 4 ... 41 = 2™u. By Lemma[6.3) and Lemma[6.4] i — j + 1 = 2" — 1 and u = 1. Therefore

if j=1(mod4), theni=3 (mod4)

if j =2 (mod4), theni=0 (mod 4)
if j =3 (mod4), theni=1(mod 4)
if j =0 (mod 4), theni=2 (mod4).
Now since u =1,

(@) £y (a2 F2), g (bat* ) # y (0t T2) A (a1 £ 4 (0a* ), A (batHY) # (a2 ),

Now if y(a*¥1+1) = y(a**273) then y = 0, but then u = 1 implies the second coordinate of these elements are not
equal, which is a contradiction, in this way we can show

'y(a4k1+1)757(ba4k2+3), ’y(b4k1+3)75’)/<ba4k2+1>7’y(ba4k1+1)#7(ba4k2+3).

Hence, we get + is a bijection.

Similarly, we can show that the second form also defines brace structures.

Now we show that these two type of braces are not isomorphic. Suppose the braces for s = 0 and s = 2™ ~!
be A; (the cocycle be v1) and As (cocycle be 72) respectively, and f : Ay — Ay be a brace isomorphism. With
respect to the presentation (3.1, the generators for (Ay,0) be ai,by, and for (As,0) be as,by. The elements the
in the group of order 21 are o' or ba’ where i is odd; the elements of order 2 are a2 ,b, and ba?" ; and
a® € (ba) = (ba') for all odd i. Thus f(b1) is either by or bya3” . But order of v;(b;) is 2, and the order of both
~Y2(b2) and Vg(bgagm) is 4. Which is not possible. O

From Proposition we have information of all normal subgroups of a modular maximal-cyclic group. Now
using Theorem we exhibit all MMC braces of size 2™+2 (m > 3) by considering all possible socles.

6.1. If (ba) = Soc(A). Here T'S = 1, that is S = T. If s =2™~! then z = 1 and 2z = 0. Thus in this case

r=s=(1 V). a@=(1). 1= ().
s %) ()0 ()

Thus for this case we have two non-isomorphic braces.

And if s =0, then

6.2. If (b, a2k> = Soc(A) for k> 1. Since T =1, s =0 and z = 1. Thus

_ (1 Yy _ (1 0Y.
S=(m 105.) T=(p 1)

By Proposition 1 <k <m-—1. Since o(1 +2mH1=%) = 2% in (Z/2m*+1)* | for each such k, there is a brace.
Therefore in this case we have at least m — 1 distinct braces.
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6.3. If (azk) = Soc(A) for 0 < k < m. In this case T # 1, thus when s =0, x = 0. Hence

(1 Y (1 0
S_(O 1+2z)’ T_(O 1+2m>

And when s = 2m~1
1 0 1 0
s (2mx 1—|—2z>’ = <2m 1+2m(1—|—x)>

= (7). 10 = (i)

Again we have 1 < k < m — 1. Same reason like above, for each case we have brace for all such values of k, and by
Theorem these braces are non-isomorphic, hence in this case we have at least 2(m — 1) distinct braces.

6.4. If (azkb) = Soc(A) for 1 <k <m. By Propositionsand k<m—2. For s =271

ok 1 0
T5° = <2m 52’“ +2m(1 +.’L‘)) 7é 1

1 0
TS5 = .
o (0 82" + Qm)
There always exist a 8 = 1 ( mod 4) in (Z/2™1)* such that 82" + 2™ = 1 and 82 + 2™ # 1, for example
B =1+ 2m~* Therefore, we have at least m — 2 distinct such braces.

Hence s =0, since T'# 1, x = 0, and

Suppose f : A; — As be a brace isomorphism, where Ay, Ay are MMC braces, if f(a1) = ab where i is odd, then
the fact f(Soc(A4;1)) = Soc(Asz) implies all the mentioned braces are distinct. We can assume f(a1) = boag, then
f(a?*) € {a2F,a2" 2k} for all k > 1. Therefore, the braces obtained in Subsections (6.2 are distinct. Hence we
obtain

Corollary 6.7. Number of non-cyclic MMC braces of size 212 with m > 3 is at least 4m — 5.

Remark 6.8. A remarkable fact is that the number of braces associated with dihedral, semidihedral and generalized
quaternion groups stabilizes with increasing order. We have proved that this pattern does not follow for the modular
maximal-cyclic group case.
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